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អរមមកក 

   សសួ�ីមតិ �អ�កសិក្សោាីសី�សឡាស់ រាបា

េសៀវេ�ា១០៤ាលំហតសអរនុ មរន៍ តរេ�េក៍តេ៍ររសេេ រសែដលេលកអ�កា

កពំនងែត�រស់ រេរេន ះនំុ ោុរេេៀាចេំឡើងេមួករា១០៤ាលំហតសា

េយើងន ះនំុ រេ៍ររសេេ រសលំហតសពិេសសេមកេមកើដេំដេាណយាតមេេាៀាា

េផ្ងេពី �ី ា� ងេកងេកងយាែដល់ចយ អ�កសិក្្យយលសារិងាោាសា

ចងចាំ ា

ា េយើងន ះនសំង្ ឃមមាេសៀវេ�មយួកងលេរេារឃង់ចចងលេមួផ�ល សរងវា

ុរិំតារិងាវ �មណីាស��ថីេក�នង�េេរេាណយលំហតសអរនុ មរនេ៍រេ�េក៍តាា

ចេំពេេលកអ�កសិក្សពនំជរេឡើយា ា

ា សោាីប� ាសន ះនំុ ោសងមរងរពេចេំពេេលកអ�កាសងមករសននាពលាុ

ករ៍្សះ ជា សឈវារិងាោោលួុរេសុរ នយក�នង៍ុាសាេកចិ�ា ា

ា
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១០៤  ហំរតី្រតេីរ តេ 

១-េដយដឹងថ
5tan

12
α = ថថនិឹថ o o0 90< α < ថថថ។ថ

ចូរគណនាតៃមតនថcos , sinα α ថថនិឹថcotα ថថ។ថ

២-ចូរគណនថ 4 2 4 2A sin x 4cos x cos x 4sin x= + + + ថ

ថថថថថថថថថថថថថថថ 2 2B (asin x bcos x) (acos x bsin x)= + + − ថ

៣-េគយដឹងថ
41sin x cos x
29

+ = ថថ។ថ

ចូរគណនាផគគណថsin x.cos x ថថរចួទររថsin x ថថនិឹថថcos xថថ។ថ

៤-េគយដឹងថtan x cot x a+ = ថថែយផថ o0 x 90< < ថថនិឹថa 2≥ ។ថ

ចូរគណនថ 3 3tan x cot x+ ថជានគគៃននតនថa ថថ។ថ

៥-យដឹងថ
m n pcosa , cosb , cosc

n p p m m n
= = =

+ + + ថ

ចូរគណនរេននៃថ៖ថ

2 2 2

2 2 2

sin a sin b sin cM
2 2cosa sin a 2 2cosb sin b 2 2cosc sin c

= + +
+ − + − + −

ថ
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៦-ចំេពះគរគថx IR∈ ថថចូរះររយប រគកៃសមថ៖ថ

រ.ថ 6 6 2 2sin x cos x 1 3sin xcos x+ = − ថ

ខ.ថ 8 8 4 4 4 41 1 1 1(sin x cos x) (sin x cos x) sin xcos x
4 2 4 2

+ − + + = ថ

៧-េគយដឹងថ btan x , a 0 ,b 0
a

= > > ថថ។ថ

ចូរះរងថ
4 4cos x sin x 1

a b a b
+ =

+  

៨-េគយដឹងថ 3 btan , a 0 , b 0
a

ϕ = ≠ ≠ ថថ។ថថ 

ចូរះររយប រគងថ
4 4

3 3 3 32 2 2 2

cos sin 1

a b a b

ϕ ϕ
+ =

+
 

៩-េគឲ្ថ
4 4cos x sin x 1

a b a b
+ =

+
ថ 

ែយផថa 0 , b 0 , a b 0≠ ≠ + ≠ ។ថ

ចូរះររយប រគងថ
10 10

4 4 4
cos x sin x 1

a b (a b)
+ =

+
ថ។ 
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១០-េគឲ្ថ a b ccos , cos , cos
b c c a a b

α = β = γ =
+ + +

ថ

ចូរះរងថ 2 2 2tan tan tan 1
2 2 2
α β γ
+ + = ថ។ 

១១-ចូររង ងថtan 3a tan 2a tana tan 3atan 2atana− − = ថថ

ែយផថ ka
2
π

≠ ថះគរគចំនួនគាគរ រឺ ឡាទីថk ថ។ 

១២-េគឱ្ថa ; b ; c ; d ថនិឹថx ថជចំនួនមាិេា��ឹផ� ាគ ថ៖ ថ

sin x sin 2x sin 3x sin4x
a b c d

= = =    ែយផថx k ; k Z≠ π ∈ ថ

ចូររង ងថថ 3 2 2 4a (4b d ) b (3a c)− = − ថថថថ

១៣-េគឱ្ថ )c o( s i n1)( xx
k

xf kk
k += ថែយផថ . .;3;2;1=k ថ

ចូររង ងថ 1
1)()( 64 =− xfxf ថថ។ថថថ

ថ

ថ
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១៤-េគឱ្ថ dcba ,,, ថជចនួំនេេរគឹចេនម ថ ];0[ π ថេដយដឹងថ





+=+
+=+

)c o2( c o s4c o s7c o s
)s i2( s i n4s i n7s i n

dcba
dcba

ថថ

ចូររង ងថ )c o7)c o s (2 cbda −=− ថថថ។ថ

១៥-ចូរះររយប រគងថ 2 2| acos x bsin x | a b+ ≤ + ថថ

១៦-ចូររង ង ថ៖ ថ

2

2
ba1)xc o sbx) ( s i nxc o sax( s i n 





 +

+≤++
 

១៧-ចូររង ងថ ( ) 2a b1 1 1 2ab
sin x cos x

   + + ≥ +   
   

ថថ

ចំេពះគរគថa 0 , b 0 , 0 x
2
π

> > < < ។ 

១៨-េគឲ្ថx , y , z ថជចំនួនមាិែយផេា��ឹផ� ាគផរលខ�ណ័ថ៖ថ

cos x cos y cos z 0+ + =  និឹថcos 3x cos 3y cos 3z 0+ + = ថ

ចូររង ងថcos 2xcos 2y cos 2z 0≤ ថថ។ 
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១៩-ចំេពះគរគចនួំនមាិថx ចូរះររយប រគងថថ

4 4sin x cos x 1
a b a b

+ ≥
+

    ; (a 0 , b 0 )> >  

២០-េគឲ្ានគគៃននថ

2 2 2 2f (x) asin x bcos x c acos x bsin x c= + + + + + ថថថ

ែយផថa , b , c ថជរាចំនួនមាិត ិិ ប�នថ។ថ

ចូរះរងថ
a ba c b c f (x) 2 c

2
+

+ + + ≤ ≤ + ថ

រចួរយប រគាតៃមាារិរ�ថនិឹថារបររ�តនថf (x) ថ។ 

២១-េគ�នានគគៃននថ

2 2
2 2

2 2
1 1f (x) sin x cos x

sin x cos x
   

= + + +   
   

ថ

ចូរររាតៃមាូចរាំគាតនានគគៃននេនថ។ 

ថ

ថ
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២២-េគឲ្ថx ថជចនួំនមាិែយផថ 260x 71x 21 0− + < ថ។ថ

ចូររង ងថថsin 0
3x 1
π  < − 

ថថថ។ 

២៣-េគឲ្ថθ ថជចនួំនមាិែយផថ0
2
π

< θ < ថថ។ថ

ចូររង ងថថ( ) ( )cos sinsin cos 1θ θθ + θ > ថ 

២៤-ចំេពះគរគចំនួនមាិថx (0, )
4
π

∈ ថថ

ចូររង ងថថ cos x sin x(cos x) (sin x)>  

២៥-េគ�នានគគៃននថf ថែយផចំេពះគរគថx IR∈ ថថ

េគ�នថf (x) 2f ( x) 3cos x sin x+ − = − ថថ។ថ

ចូរះរងថf (x) 2≤ ថចំេពះគរគថx IR∈  

២៦-េគឲ្ានគគៃននថថ៖ 

( ) ( )2 2f (x;y ) acos x bcos y asin x bsin y= + + + ,a 0 , b 0> > ថ

ចំេពះគរគថx; y IR∈ ថរង ងថ 2f (x;y) (a b)≤ + ថ។ 
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២៧-រ. ចូរគណនាតៃមះ្រយតនថsin
10
π ថនិឹថcos

10
π ថ

ខ. ចូរះរងថ 2 2 2 2 2x (x y) 4(x y )sin
10
π

+ − ≤ + ថថ

ះគរគចនួំនថx,y IR∈ ថថ។ 

២៨-េគឱ្ានគគៃននថ

2 2f (x) 4(tan x cot x) 12(tan x cot x) 9= + − + +   

ែយផថx ( 0 , )
2
π

∈ ថ។ចូរររាតៃមាូចរាំគាតនានគគៃននថf (x) ថថ។ 

២៩-ចូរគណនថ 3 3 34 7S cos cos cos
9 9 9
π π π

= − +  

៣០-េគឲ្ថ0 a
2
π

< < ថនិឹថ0 b
2
π

< < ថ។ថ

ចូររង ងថ
2 22 2sin a cos a 1

sinb cosb
   

+ =      
   

ថផគះរែាថa b= ថថ។ 

៣១-គណនថ o o oP cos 20 cos40 cos80=  

ថ
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៣២-រង ង ថ៖ ថ

      

1 1 3 1 9 1 27 1( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20 16

π π π π
+ + + + =     

៣៣-ចូររង ងថ 

ថថថថថថថ 3 5 7 9 1cos cos cos cos cos
11 11 11 11 11 2
π π π π π
+ + + + =  

៣៤-គណនាតៃមតនាផគគណថថ

       
o o o oP (1 cot1 )(1 cot 2 )(1 cot 3 ).....(1 cot 44 )= − − − −  

៣៥-ចូរគណនាតៃមាផគគណ ថ៖ ថ

      
o o oP ( 3 tan1 )( 3 tan 2 ).....( 3 tan 29 )= + + + ថ

៣៦-ចូរគណនថ 2 2 22 4S sin sin sin
7 7 7
π π π

= + + ថ 

៣៧-ចូរគណនថ 2 4 8S sin sin sin
7 7 7
π π π

= + + ថថ 

៣៨-ចូរះររយប រគងថ 

      
3 n 2 n 1n n n8cos 4( 1) cos 4cos ( 1) 0 , n IN

7 7 7
+π π π

+ − − + − = ∀ ∈  
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៣៩-េគឲ្រេននៃថ

3 3 33 5S cos cos cos
7 7 7
π π π

= + +  និឹថ 4 4 43 5T cos cos cos
7 7 7
π π π

= + + ថថថ

រ.ចូរះរងរាចំនួន
3 5cos , cos , cos

7 7 7
π π π ជាកររកគកៃាី រថ

 3 2(E) : 8x 4x 4x 1 0− − + =   ។ថ

ខ.ទររាតៃមថ៖ថ

     

3 5M cos cos cos
7 7 7

3 3 5 5N cos cos cos cos cos cos
7 7 7 7 7 7

π π π
= + +

π π π π π π
= + +

ថ

និឹថ 3 5P cos cos cos
7 7 7
π π π

= ថ។ថ

គ.គណនថ 2 2 23 5Q cos cos cos
7 7 7
π π π

= + + ថរចួររាតៃមថS និឹT ថ។ 

៤០-ចូររង ង៖ ថថថថ

7 7 72 4 63cos x cos (x ) cos (x ) cos 3x
3 3 64
π π

+ + + + =    

ចំេពះគរគចំនួនមាិថx ថ។ 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 10 

 

៤១-េគយដឹងថ cos x cos y cos z sin x sin y sin z a
cos(x y z) sin(x y z)
+ + + +

= =
+ + + +

ថថ

ចូរះរងថcos(x y) cos(y z) cos(z x) a+ + + + + =  

៤២-ចូររំនាគះគរគាតៃមថx ថរគឹចេនម ថ]0; [
2
π ថេដយដឹងថ៖ថ

     

3 1 3 1 4 2
sin x cos x
− +

+ =  

៤៣-េដះរកៃាី រថ៖ថ

       
6 4 2 264x 112x 56x 7 2 1 x− + − = −  ។ថ 

៤៤-េដះរកៃាី រថ៖ថ

      
6 2 3 2 3 2 3tan x (tan x 1) (tan x 2) (tan x 3)+ + + + = +     ថ

៤៥-េដះរកៃាី រថ៖ថ

       
4sin (x ) cos (x ) 3 2 2

4 12
π π

+ + = + ថ

ថ

ថ
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៤៦-១.ចូរះររយប រគររូៃនមថ៖ថ

cos(n 1)x 2cos xcos(nx) cos(n 1)x , x IR , n IN+ = − − ∈ ∈ ថ

២.ានគតាមននថ៖ថចូរករេករថcos7x ជានគគៃននតនថcos x ។ថ

៣.េដះរកៃាី រថ៖ថ

 7 5 3128cos x 244cos x 112cos x 14cos x 1 0− + − − =   ។ 

៤៧-រ.ចូរគណនាតៃមះ្រយតនថtan
8
π ថថថ

ខ.េដះរកៃាី រថ

2 2sin x 2 sin x.cos x ( 2 1) cos x 0− + − = ថថ

គ.ចូរេដះរកៃាី រថ tan x 2 1 1
1 ( 2 1) tan x 3

+ −
=

− −
ថថថ 

៤៨-រ.ចូរគណនាតៃមះ្រយតនថcos
12
π ថនិឹថ

7cos
12
π ថ

ថថថថថថខ.ចូរេដះរះរម�នបកៃាី រថ៖ 
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ថថថថថថថ

3 2

2 3

2 3 6cos x 3cos xcos y
8

2 3 63cos xcos y cos y
8

 +
+ =


− + =

ថ 

៤៩-រ.ចូរះររយប រគងថ 6 6 5 3sin x cos x cos4x
8 8

+ = + ថ

ខ.ចូរេដះរកៃាី រថ 3 3 2 313 1(sin x cos x) sin 2x
16 4

+ = + ថ 

៥០-�នកៃាី រយរេះរឡាមារថ៖ថ

2 1 2(E) : x ( 2) x 1 0
cos 3

+ − + − =
φ

ែយផថ0
2
π

≤ φ < ថថ

េគឧរ�ងកៃាី រថ(E) ថ�នាកមាររឹេដថtana និឹថtanb ថថ

រ. រំនាគាតៃមថφ ថេយៃបាឲ្ថa b
4
π

+ = ថ។ថ

ខ. េដះរកៃាី រថ(E) ចំេពាតៃមថφ ែយផ្នររេេថ

គ. េះរផឡបាផលឹេផចូរទររាតៃមះ្រយតនtan
12
π ។ 
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៥១-េគឲ្ែខខេីឹថ

2(P) : y f (x) x sin 2(1 sin )x 5 sin= = φ − + φ + − φ   
ែយផថ0 < φ < π ថ។ថ

រំនាគាតៃមថφ ថេយៃបាឲ្ែខខេីឹ(P) ក�ិាេេេផារខ�អរគកគាកជនិចិថ 

៥២-េគឲ្កៃាី រយរេះរឡាមារថ 2 2(E) : x (m m) x m 2 0− − − + = ថថ

េគកន�ាងកៃាី រេន�នាកមាររឹេរឹេ េដថtana ថថ

និឹថtanb ថ។ថ

រ.ចូររំនាគាតៃមតន ា្ ា៉ ែៃាះាថm ថេយៃបាឲ្ថa b
3
π

+ = ថ។ថ

ខ.ចូរេដះរកៃាី រលឹេផចំេពថm ែយផ្នររេេថ។ថ

គ.េដេះរផឡបាផលឹេផចូរទររាតៃមះ្រយតនថtan
12
π ថ។ 

ថ

ថ
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៥៣-េគឲ្កៃាី រថ 3 2(E) : x (2m 3)x 5x 3m 2 0− + + − + = ថ

ឧរ�ងកៃាី រេន�នារារឹេដថtan , tan , tanα β γ ថ។ថ

រ.ចូរគណនថ sin( )A
cos cos cos

α + β + γ
=

α β γ
ថថជានគគៃននតនថm ថ។ថ

ខ.រំនាគថm ថេយៃបាឲ្ថA 4= ថ។ថ

គ.េដះរកៃាី រថ(E) ចំេពាតៃមថm ែយផ្នររេេលឹេផថថ

៥៤-េគឲ្កៃាី រថ 3 3(E) : cos xcos 3x sin xsin 3x m+ = ថ

រ.ចូរេដះរកៃាី រេនីផនថ 3 3m
8

= ថថ

ខ.ររផរល�ខ�ណ័កះ�រគថm ថេយៃបាឲ្កៃាី រេន�នាកថ។ 

៥៥-េដះរកៃាី រថ៖ថ

      
2 3

2 2log (sin x) log (2sin x) 0+ =  

ថ

ថ
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៥៦-េគឲ្កសីាាតនចំនួនមាិថ n(U ) រំនាគេផថIN ថេដថ៖ថ

       
0

2U
2

=  និឹថ
2

n
n 1

1 1 U
U , n IN

2+
− −

= ∀ ∈ ថ

ថថថថថថគណនថ nU ថជានគគៃននតនថn ថ។ 

៥៧-េគឲ្ថ 0a 2 3 6= + + ថនិឹថ
2

n
n 1

n

a 5a
2(a 2)+

−
=

+
ថ

ចំេពះគរគថn 0≥ ថ។ 

ចូរះរងថ
n 3

n
2a cot 2

3

− π
= −  

 
ថថចំេពះគរគថn IN∈ ។ 

៥៨-េគឲ្ថ

2 3 42 2cos , 2 2 2cos , 2 2 2 2cos
2 2 2
π π π

= + = + + = ថថ

មាឧទទរណន លឹេផចូរររររូៃនមឡូេូថនិឹថះររយប រគថ

ររូៃនមេនាឹថ។ 

ថ
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៥៩-េគឲ្កសីាាតនចំនួនមាិ n(U ) រំនាគេដ
n

n
nU 2 .sin
4
π

= ថថ

ែយផថn IN∈ ថ។ថ

រ-ចូររង ងថថ (n 1) n n2.cos cos sin
4 4 4
+ π π π

= − ថថថ

ខ-ទឲ្្នងថ n n 1
n

n (n 1)U ( 2) cos ( 2) cos
4 4

+π + π
= − ថថថ

គ-គណនាផររូថ៖ថ

n 1 2 3 nS U U U ......... U= + + + + ជានគគៃននតនថn ថ។ 

៦០-េគ�នានគគៃននេផខថf ថរំនាគមាកំណគំ ថIN ថេូកំណគំ ថIR ថ

ថf (0) 0= និឹថ n 2f (n 1) 2f (n) tan
2 +
π

+ = + ចូររំនាគររថf (n) ថ។ថ

៦១-េគឲ្កសីាាតនចំនួនមាិថ n(U ) រំនាគេផថn  េដ៖ថ

0U 1=  និឹថ n 1 nn IN : U U cosa sina+∀ ∈ = + ថ 

ែយផថ0 a
2
π

< < ថ។ថ
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រ.រឹថ n n
aV U cot
2

= − ថ។ថរង ងថ n(V ) ជកសីាាតរណា �ះា។ថ

ខ.គណនផាៃាាថ 0 1 nn
lim (V V .... V )
→+∞

+ + + ថនិឹថ nn
lim U
→+∞

ថថ។ 

៦២-េគឲ្កសីាាតនចំនួនរគំាមចិថ n(Z ) រំនាគេដថ៖ថ

( )

0

n 1 n n

1 i 3Z
2

1Z Z | Z | ; n IN
2+

 +
=


 = + ∈

ថថថ( n| Z |  ជៃាូ គូផតនថ nZ ថ) ថ

កន�ាងថ n n n nZ (cos i.sin ) , n IN= ρ θ + θ ∀ ∈  

 ែយផថ n n n0 , ; IRρ > ρ θ ∈ ។ថ

រ-ចូរររឡំនរគឡនំឹររឹថ nθ ថនិឹថ n 1+θ ថេទថ nρ ថនិឹថ n 1+ρ ថ។ថ

ខ-ររះរេេឡតនកសីាាថ n( )θ រចួគណនថ nθ ជានគគៃននតនថn ថ។ថ

គ-ចូររង ង 1 2 n 1
n 0 0cos cos cos ....cos

2 2 2
−θ θ θ

ρ = ρ θ ថថ

រចួរយប រគថ nρ ថជានគគៃននតនថn ថ។ 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 18 

 

៦៣-េគឲ្កសីាាតនចំនួនមាិថ n(U ) រំនាគេផថIN {0}∪ ថេដថ៖ថ

 0

n 1 n

U 2

U 2 U , n IN+

 =


= + ∈
ថ

រ.ចូរគណនថ nU ថជានគគៃននតនថn ថ។ថ

ខ.គណនាផគគណថ n 0 1 2 nP U U U .... U= × × × × ថថ។ 

៦៤-េគឲ្កីគាាតនចំនួនមាិថ n(U ) រំនាគេដថ៖ថ

0 1U 0 ; U 1= =  និឹថ n 2 n 1 nn IN : U 2U cosa U+ +∀ ∈ = − ថថ

ែយផថa IR∈ ។ថ

រ. រឹថ n n 1 nZ U (cosa i sina) U , n IN {0}+= − − ∀ ∈ ∪ ថ។ថ

ចូររង ង n 1 nZ (cosa i sina) Z+ = + រចួទររថ nZ ជានគគៃនន

តនn និឹថa ថ។ថ

ខ. ទររថ nU ថជានគគៃននតនថn ថថ។ 

ថ
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៦៥-គណនាផរូរលឹេះីៃថ

1n

2n

n

2
c o

2
t a n

. . . . .

1 6
c o s

3 2
t a n

8
c o s

1 6
t a n

4
c o s

8
t a n

S
+

+

π

π

++π

π

+π

π

+π

π

= ថថថ

រចួទររផាៃាាតនថ nS ថីផនថ + ∞→n ថថ។ 

៦៦-េគឲ្ថ n(a ) ថជកីគាានមីនមៃួ�នាផកឹរៃួថd ថថ។ថ

េគរឹថ 31 2 n
n 2 3 n

cosacosa cosa cosaS ...
cosd cos d cos d cos d

= + + + + ថថ 

ចំេពថn 1,2,3, ...= ។ថ ថ ថ

ចូរះរងថ n 1
n n

sina sinaS
sindcos dsind

= − ថថថ 

៦៧-រ.ចូររង ងថថ

1 1 2sin xcos(2nx)
2 sin(2n 1)x 2 sin(2n 1)x [2 sin(2n 1)x ] [2 sin(2n 1)x ]

− =
+ − + + + − + +

ថ

ខ.គណនថ
( ) ( )

n

n
k 1

cos(2kx)S
2 sin(2k 1)x 2 sin(2k 1)x

=

 
=  + − + + 
∑ ថ។ 
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៦៨-រ.ចូរះរង 

[ ]1cos(2nx) sin(2n 1)x sin(2n 1)x
2sin x

= + − − ថ

ខ.គណនាផររូថ 

nS cos 2x cos4x cos6x ..... cos(2nx)= + + + + ថ

គ.ទររាផររូថថ

2 2 2 2
nT cos x cos 2x cos 3x ..... cos (nx)= + + + + ថ

េ.គណនាផរូរថថ

2 2 2 2
nU sin x sin 2x sin 3x ..... sin (nx)= + + + + ថ

៦៩-រ.ចូរះរងថ
3

2
tan x 1 tan 2x tan x

21 tan x
= −

−
ថ

ខ.ចូរគណនាផរូរថ

k 3n n
n

2k 0 n

a2 tan
2S a1 tan
2

=

 
 

=  
 − 
 

∑  
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៧០-រ. ចូរះររយប រគឡនំរគឡំនឹថtan x cot x 2cot 2x= − ថ

ខ. ចូរគណនាផរូរលឹេះីៃថ៖ថ

ថថថ n 2 2 n n
1 a 1 a 1 aS tana tan tan .... tan
2 2 2 2 2 2

= + + + + ថ

៧១-គណនាផគគណលឹេះីៃ ថ៖ ថ

      

k nn
2 2 4 2

n k n
k 0

x x x xP tan tan x.tan .tan .....tan
2 42 2=

 = = 
 ∏ ថ

៧២-គណនាផគគណលឹេះីៃ ថ៖ ថ

       

kn
2 2

n k
k 0

xP (1 tan )
2=

 = −  ∏   ថ

៧៣-គណនាផគគណ ថ៖  

( )
n 2 k

n 22 kk 1

1 tan 2 xP
1 tan 2=

 
 +

=  
 −
 

∏   ែយផថ n 2| x |
2 +
π

<  

ថ
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៧៤-រ.ចូរះរងថ 1 cot x cot 2x
sin 2x

= − ថ

ខ.ចូរគណនថ n

2 n

1 1 1 1S ....a a asina sin sin sin
2 2 2

= + + + +  

៧៥-រ.ចូរះរងថ

xcot1 21
cos x cot x

+ = ថ

ខ.គណន n

2 n

1 1 1 1P (1 )(1 )(1 ).....(1 )a a acosa cos cos cos
2 2 2

= + + + + ថ

៧៦-រ.ចូរះររយប រគងថ 2tan 2x .tan x tan 2x 2tan x= − ថ

ខ.ចូរគណនាផរូរថ
n

k 2
n k k 1

k 0

a aS 2 tan tan
2 2 +

=

 =   ∑ ថ 

៧៧-រ.ចូរះរងថ 3 1sin x ( 3sin x sin 3x)
4

= − ថ

ខ.ចូរគណនថថ

3 3 2 3 n 1 3
n 2 3 n

a a a aS sin 3sin 3 sin .... 3 sin
3 3 3 3

−= + + + +  
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៧៨-រ.ចូរះរងថ 2 2 2
1 4 1

cos x sin 2x sin x
= − ថ

ខ.ចូរគណនថ  

៧៩-រ.ចូរះរងថ ថ

ខ.ចូរគណនថ  

៨០-រ.ចូរះរងថ ថ

ខ.ចូរគណនថ  

៨១-រ.ចូររង ងថ ថ

ខ.គណនថ ថថ។ 

ថ

n
2 2 n 2

2 n

1 1 1S ....a a a4cos 4 cos 4 cos
2 2 2

= + + +

1 cot x cot 2x
sin 2x

= −

n

2 n

1 1 1 1S ....a a asina sin sin sin
2 2 2

= + + + +

n n 1 n
sin(nx) cos(n 1)x cos(nx) .cot x
cos x cos x cos x+

+ 
= −  

n 2 3 n
sin x sin 2x sin 3x sin(nx)S ....
cos x cos x cos x cos x

= + + + +

cos(n 1)x1 tan xtan(nx)
cos xcos(nx)

−
+ =

[ ]
n

n
k 1

P 1 tan xtan(kx)
=

= +∏
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៨២-រ.ចូរះរងថ

ថ

ខ. គណនាផរូរថ ថ 

៨៣-រ.ចូរះរងថថ

ថ

ខ.គណនាផររូថថ

  

៨៤-រ.ចូរះររយប រគងថ ថ

ខ.ចូរគណនាផគគណថ៖ថ

ថ

ថ

[ ]1 1 tan(n 1)x tan(nx)
cos(nx).cos(n 1)x sin x

= + −
+

n

n
p 1

1S
cos(px) cos(p 1)x

=

 
=  + 
∑

[ ]tan(n 1)x tan(nx) tan x 1 tan(nx)tan(n 1)x+ − = + +

nS tan xtan 2x tan 2xtan 3x ..... tan(nx)tan(n 1)x= + + + +

1 2cos 2x2cos x 1
1 2cos x
+

− =
+

n 2 n
a a aP (2cosa 1)(2cos 1)(2cos 1).....(2cos 1)
2 2 2

= − − − −
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៨៥-រ.ចូរះរងថ ថ

ខ.ចូរគណនាផរូរថ ថថ 

៨៦-េគឱ្ះាាេីណថ ថថ�នះិរឹថ ថថនិឹ�នៃគរំគឹថ

។ថេរថ ថចូររង ងថ ថថ 
៨៧-េគឲ្ះាាេីណថ ៃួ�នថ ថជរងីកគះិរឹជៃថ

េរឹេ តនៃគថំ ថ។ថថ

រឹថ ថជរនមររ�ិះាតនះាាេីណថ។ថ

រ.ចូរះរងថ ថរចួទររឡនំរគឡំនឹថ

មារេឡាែយផះកេយឹេ េនថ។ថ

ខ.ទរយប រគងថ  

ថ

3

2
tan x 1 ( tan 3x 3tan x)

81 3tan x
= −

−

k 3n k
n

2k 0 k

a3 tan
3S a1 3tan
3

=

 
 

=  
 −
  

∑

ABC a , b , c

, ,α β γ 3α = β 2 2 2(a b)(a b ) bc− − =

ABC a , b , c

A , B , C

p

A p(p a)cos
2 bc

−
=

2 2 2 2A B Cbc.cos ac.cos ab.cos p
2 2 2
+ + =
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៨៨-េគឲ្ះាាេីណថ ថៃួ�នៃគរំគឹជៃគះំក្ចថ។ថ

រ.ចូរះរងថ ថ។ថ

ខ.ទរយប រគងថ ថ។ 

៨៩-េគឲ្ះាាេីណថ ថៃួ�នៃគរំគឹជៃគះំក្ចថ។ថ

ថថថថថថថចូរះរងថ ថ 

៩០-េគឲ្ះាាេីណថ ថៃួ�នៃគរំគឹជៃគះំក្ចថ។ថ

ថថថថថថថចូរះរងថ ថ។ 

៩១-េគឲ្ះាាេីណថ ថៃួថ។ថ

រ. ចូរះរងថ  ។ថ

ខ. ចូរះរងថ ថ។ថ

គ. េគយដឹងៃគថំ ថរេ �ឹា្នជកសីាាតរណា �ះាថ

ៃួែយផ�នេរកគឹេក�នដឹថ ថ។ថថ

ABC

tan A tanB tanC tan A.tanB.tanC+ + =

tan A tanB tanC 3 3+ + ≥

ABC

2 2 2cos A cos B cos C 1+ + <

ABC

2 2 2sin A sin B sin C 2+ + >

ABC

cot Acot B cot Bcot C cot Ccot A 1+ + =

2cot A 1 2cot 2Acot A− =

A ; B ; C

q 2=
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ថថថថថថចូរះររយប រគងថ   ។ថ

៩២-ររាតៃមារបររ�តនានគគៃននថ៖ថ

    

ែយផថ   ។ 

៩៣-េគឲ្ះាាេីណថ ថៃួ។ថថ

រង ងេរថ ថជាកររកគកៃាី រថថ

 េនេគ្នថ ថថ។ 

៩៤-េគឲ្ះាាេីណថ ថែយផថ ថ។ 

ថថថថថថររះរេេឡតនះាាេីណថ ? 

 
ថ

2 2 2
1 1 1 8

sin A sin B sin C
+ + =

2 2

2 2

P(x) tan x cot x 2(tan x cot x) 27

Q(x) tan x cot x 8(tan x cot x) 87

= + − + +

= + − + +

0 x
2
π

< <

ABC

A B Ctan , tan , tan
3 3 3

3 2(E) : x ax bx c 0+ + + = 3 a 3b c+ = +

ABC A asin
2 2 bc
=

ABC
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៩៥-�នះាាេីណថ ថៃួែយផថ ថថ។ថ

រឹថ ថនិឹថ ថេរឹេ ជីថំនិឹថតា�ះរឺតនះាាេីណថ ថេនថ។ថ

ចូរះរងថថថ  

៩៦-រគឹះគរគះាាេីណថ ចូរះរងថ៖ថ

ថថថថថរ/ថ ថថ

ថថថថថខ/ថ ថ

៩៧-េគឱ្ះាាេីណថABC ថៃួថ។ថ

រ.ថចូរះររយប រគងថថ
2a1 cos A

2bc
− ≤ ថថ

ែយផថa , b , c ថជះិរឹះាាេីណថថABC ថថ។ថ

ខ.ទរយប រគងថ
1(1 cos A)(1 cosB)(1 cosC)
8

− − − ≤ ថថថ

ថ

ថ

ABC BC a , AC b , AB c= = =

R S ABC

2 2 2cos A cosB cosC R(sin A sin B sin C)
a b c 4S

+ +
+ + =

ABC

2(sin A sinB sinC)(1 cos A)(1 cosB)(1 cosC)
2

+ +
+ + + =

23cos A cosB cosC sin A sinB sinC1
3 2

+ + + +  + ≥      
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៩៨-េគឱ្ះាាេីណថABC ថៃួថ។ថ

រ.ថចូរះររយប រគងថថ 2 2 2sin A sin B sin C 2sinBsinCcos A= + − ថថ

ខ.ថទរយប រគងថ៖ថ

2 2 2sin A sin B sin Ccot A cot B cotC
2sin AsinBsinC

+ +
+ + = ថថថ

៩៩-េគឱ្ះាាេីណថABC ថៃួ�នៃគថំA ,B,Cថជៃគះំក្ចែយផេា��ឹ

ផ� ាគកៃសមថថ

1 1 1 1cot A cot B cotC
2 sin A sinB sinC
 + + = + + 
 

ថថ។ថ

ចូរះរងថABC ថជះាាេីណកៃឹខ�ថ?ថ

១០០-រឹថR ថជីរំឹីឹគងរ ដររគឹថនិឹថS ថជតា�ះរឺតនះាាេីណថ

ABC ថៃួថថ

រ.ថចូរះរងថ
22R(cot A cot B)(cot B cot C)(cot C cot A)

S
+ + + = ថថ

ខ.ថេរថABC ថជៃគះំក្ចេនចូរទឱ្្នងថ
1cos AcosBcosC
8

≤ ថថថ
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១០១-ចំេពះគរគថ I Nn∈ ថេគឱ្ថ 1
s i n

1 2
c o s ππ nn

nS += ថថ

រ.ថគណនាតៃមថ 12
cos π ថនិឹថ 12

sin π
ថ

ខ.ថរង ងថ 0624 12 =+− ++ nnn SSS ថថថ

១០២-េគឱ្ះាាេីណថABCថេទេគរឹថr ថថនិឹថRេរឹេ ជីំ

រឹីឹគងរ ដររគឹថនិឹ ថីរំឹីឹគងរ ដរេះកតនះាាេីណថ។ថ

ចូរះរងថ R
rCBA +=++ 1c o sc o sc o s ថ

១0៣-េគរថA , B,C ថជៃគរំាតនះាាេីណថABC ថ។ថ

រឹានគគៃននថ 2sin Ay cot A
cos A cos(B C)

= +
+ −

ថថថ

ររាតៃមារបរ�តនានគគៃននេនថះថ

១0៤-េគឲ្ថថABC ថថជះាាេីណៃួេទរឹថr ថនិឹថR ថថ

េរឹេ ជីរំឹីឹគងរ ដររគឹថនិឹីរំឹីឹគងរ ដរេះកថ។ថះររយប រគងថ៖ថ

ថថ
R4
r

8
5

2
Asin

2
Csin

2
Csin

2
Bsin

2
Bsin

2
Asin +≤++ ។ 
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 ហំរត់ត១ 

េដយដឹងថ
5tan

12
α = ថថនិឹ ថ o o0 90< α < ថថថ។ថ

ចូរគណនាតៃមតនថcos , sinα α ថថនិឹថcotα ថថ។ថ

ដំីណា្្ 

គណនាតៃមតនថcos , sinα α ថថនិឹថcotα ថថថ

េគ�នថ
5tan

12
α = ថថនិឹថ o o0 90< α < ថថថថ

រៃឡំនរគឡនំឹថ 2
2

11 tan
cos

+ α =
α ថ

េគទថ 2
22

1 1 144cos
1 tan 16951

12

α = = =
+ α  +  

 

ថ

េដថ o o0 90< α < ថថថេនថcos 0α > ថ

យូចេនថ
12cos
13

α = ថថ។ថ

ថ
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េទរៃឡំនរគឡំនឹថថថ
sintan
cos

α
α =

α ថថថ

េគទថ
5 12 5sin tan cos .

12 13 13
α = α α = = ថថថ

រចួថ
1 12cot

tan 5
α = =

α ថថ។ថ

យូចេនថ
12 5 12cos ; sin ; cot
13 13 5

α = α = α = ថថ។ថ
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 ហំរត់ត២ 

ចូរគណនថ 4 2 4 2A sin x 4cos x cos x 4sin x= + + + ថ

ថថថថថថថថថថថថថថថ 2 2B (asin x bcos x) (acos x bsin x)= + + − ថ

ដំីណា្្ 

គណនថA ថនិឹថB  

4 2 4 2A sin x 4cos x cos x 4sin x= + + + ថ

េដថ 2 2sin x cos x 1+ = ថថេនថ 2 2sin x 1 cos x= − ថថថ

ាថថ 2 2cos x 1 sin x= − ថ

េគ្នថ 4 2 4 2A sin x 4(1 sin x) cos x 4(1 cos x)= + − + + − ថ

ថថថថថថថថថថថថថ

4 2 4 2

2 2 2 2

2 2

sin x 4sin x 4 cos x 4cos x 4

(sin x 2) (cos x 2)

| sin x 2 | | cos x 2 |

= − + + − +

= − + −

= − + −

ថ

េដថ 20 sin x 1≤ ≤ ថថនិឹថ 20 cos x 1≤ ≤ ថថ

ថ
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េគ្នថ 2 2A (sin x 2) (cos x 2)= − − − − ថ

ថថថថថថថថថថថថថ 2 24 (sin x cos x) 4 1 3= − + = − = ថថ។ថ

2 2B (asin x bcos x) (acos x bsin x)= + + − ថ

ថថថថ
2 2 2 2 2 2

2 2

a (sin x cos x) b (sin x cos x)
a b

= + + +

= +
ថ

យូចេនថថ 2 2A 3 , B a b= = + ថថថ។ថ

ថ
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 ហំរត់ត៣ 

េគយដឹងថ
41sin x cos x
29

+ = ថថ។ថ

ចូរគណនាផគគណថsin x.cos x ថថរចួទររថsin x ថថនិឹថថcos xថថ។ថ

ដំីណា្្ 

គណនាផគគណថsin x.cos x ថ

េគ�នថ 2 2 2(sin x cos x) sin x 2sin xcos x cos x+ = + + ថ

េដថថថ
41sin x cos x
29

+ = ថថនិឹថ 2 2sin x cos x 1+ = ថ

េគ្នថ
241 1 2sin xcos x

29
  = + 
 

ថថាថ
2 2

2

41 29 8402sin xcos x
29 841
−

= = ថ

យូចេនថ
420sin x.cos x
841

= ថថ។ថ

ថ

ថ

ថ
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ទររថsin x ថថនិឹថថcos x :ថ

េដេគ�នថ
41sin x cos x
29

+ = ថថថ

និឹថ
420sin x.cos x
841

= ថថេនរៃះឡដកមារឡែត្ាថថsin x ថនិឹថថcos x ថ

ជាកកៃាី រថ 2 41 420X X 0
29 841

− + = ថថ។ថ

រន� រគមាេដះរកៃាី រេនេគ្នថ 1 2
20 21X ; X
29 29

= = ថ

យូចេនថ
20 21sin x ; cos x
29 29

= = ថថាថថ
21 20sin x ; cos x
29 29

= = ថថ។ថ

ថ
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 ហំរត់ត៤ 

េគយដឹងថtan x cot x a+ = ថថែយផថ o0 x 90< < ថថនិឹថa 2≥ ។ថ

ចូរគណនថ 3 3tan x cot x+ ថជានគគៃននតនថa ថថ។ថ

ដំីណា្្ 

គណនថ 3 3tan x cot x+ ថជានគគៃននតនថa ថ

េគ�នថtan x cot x a+ = ថ

េគ្នថ 2 2(tan x cot x) a+ = ថ

ថថថថថថថថថថ 2 2 2tan x 2tan xcot x cot x a+ + = ថថេដថtan xcot x 1= ថថថ

េគទថ 2 2 2tan x cot x a 2+ = − ថ

រៃកៃសមថ 3 3 2 2A B (A B)(A A.B B )+ = + − + ថ

េគ្នថ 3 3 2 2tan x cot x (tan x cot x)(tan x tan xcot x cot x)+ = + − + ថ

ថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថ 2 2a(a 2 1) a(a 3)= − − = − ថ

យូចេនថ 3 3 3tan x cot x a 3a+ = − ថថ។ថ
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 ហំរត់ត៥ 

េគយដឹងថ
m n pcosa , cosb , cosc

n p p m m n
= = =

+ + + ថ

ចូរគណនរេននៃថ៖ថ

2 2 2

2 2 2

sin a sin b sin cM
2 2cosa sin a 2 2cosb sin b 2 2cosc sin c

= + +
+ − + − + −

ថ

ដំីណា្្ 

2 2 2

2 2 2

sin a sin b sin cM
2 2cosa sin a 2 2cosb sin b 2 2cosc sin c

= + +
+ − + − + −

ថថថ

េគ�នថ 2 2sin a 1 cos a (1 cosa)(1 cosa)= − = − + ថ

និឹថ
2 2 22 2cosa sin a 1 2cosa cos a (1 cosa)+ − = + + = + ថ

េគ្នថ
2

2 2

sin a (1 cosa)(1 cosa) 1 cosa
2 2cosa sin a (1 cosa) 1 cosa

− + −
= =

+ − + + ថ

េទថ
2

2

sin b 1 cosb
2 2cosb sin b 1 cosb

−
=

+ − +
ថថ

និឹថថ
2

2

sin c 1 cosc
2 2cosc sin c 1 cosc

−
=

+ − +
ថថថ
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េគ្នថថ
1 cosa 1 cosb 1 coscE
1 cosa 1 cosb 1 cosc
− − −

= + +
+ + + ថ

ថថថថថថថថថថថថថថ

m n p1 1 1n p p m m n
m n p1 1 1

n p p m m n

− − −+ + += + +
+ + +

+ + +

ថ

ថថថថថថថថថថថថថថ
n p m p m n m n p 1

m n p
+ − + + − + + −

= =
+ + ថ

យូចេនថE 1= ថថ។ថ
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 ហំរត់ត៦ 

ចំេពះគរគថx IR∈ ថថចូរះររយប រគកៃសមថ៖ថ

រ.ថ 6 6 2 2sin x cos x 1 3sin xcos x+ = − ថ

ខ.ថ 8 8 4 4 4 41 1 1 1(sin x cos x) (sin x cos x) sin xcos x
4 2 4 2

+ − + + = ថថ

ដំីណា្្ 

ះររយប រគកៃសមថ៖ថ

រ.ថ 6 6 2 2sin x cos x 1 3sin xcos x+ = − ថថថ

េគ�នថ 3 3 2 2 3(a b) a 3a b 3ab b+ = + + + ថ

ាថថ 3 3 3a b (a b) 3ab(a b)+ = + − + ថ

រថ 2a sin x= ថថនិឹថ 2b cos x= ថថេគ្នថ៖ថ

6 6 2 2 3 2 2 2 2sin x cos x (sin x cos x) 3sin xcos x(sin x cos x)+ = + − + ថ

េដថ 2 2sin x cos x 1+ = ថ

យូចេនថថថ 6 6 2 2sin x cos x 1 3sin xcos x+ = − ថថថ។ថ
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ខ.ថ 8 8 4 4 4 41 1 1 1(sin x cos x) (sin x cos x) sin xcos x
4 2 4 2

+ − + + = ថថថថថ

េគ�នថ 2 2 2(a b) a 2ab b+ = + + ថថាថ 2 2 2a b (a b) 2ab+ = + − ថ

យូចេ ែយរថ 4 4 2 2 2 2 2a b (a b ) 2a b+ = + − ថ

ាថ
24 4 2 2 2a b (a b) 2ab 2a b + = + − −  ថ

េដរថ 2a sin x= ថថនិឹថ 2b cos x= ថេគ្នកៃសមថ

4 4 2 2 2 2 2

2 2

sin x cos x (sin x cos x) 2sin xcos x
1 2sin xcos x

+ = + −

= −
ថ

េទេគ�នថ៖ថថ

28 8 2 2 2 2 2 4 4

2 2 2 4 4

2 2 4 4

sin x cos x (sin x cos x) 2sin xcos x 2sin xcos x

(1 2sin xcos x) 2sin xcos x
1 4sin xcos x 2sin xcos x

 + = + − − 
= − −

= − +

ថ

រឹានគគៃននថ

8 8 4 41 1 1f (x) (sin x cos x) (sin x cos x)
4 2 4

= + − + + ថថថថថថថថថថថថ
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ថថថថថថថ

2 2 4 4 2 2

2 2 4 4 2 2

4 4
4 4

1 1 1(1 4sin xcos x 2sin xcos x) (1 2sin xcos x)
4 2 4
1 4sin xcos x 2sin xcos x 2 4sin xcos x 1

4
2sin xcos x 1 sin xcos x

4 2

= − + − − +

− + − + +
=

= =

ថ

យូចេនថ 8 8 4 4 4 41 1 1 1(sin x cos x) (sin x cos x) sin xcos x
4 2 4 2

+ − + + = ថថ។ថ

ថ
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 ហំរត់ត៧ 

េគយដឹងថ btan x , a 0 ,b 0
a

= > > ថថ។ថ

ចូរះរងថ
4 4cos x sin x 1

a b a b
+ =

+  

ដំីណា្្ 

ះរងថ
4 4cos x sin x 1

a b a b
+ =

+
ថថថ

េគ�នថ btan x
a

= ថថនឱំ្ថ 2 btan x
a

= ថថេដថ cos xtan x
sin x

= ថ

េគ្នថ
2

2

sin x b
cos x a

= ថថាថថ
2 2 2 2cos x sin x cos x sin x 1

a b a b a b
+

= = =
+ +

ថ

េគទថ
2cos x 1

a a b
=

+
ថថនឱំ្ថ

4

2

cos a (1)
a (a b)

=
+

ថថថ

េទថថថ
2sin x 1

b a b
=

+
ថថនឱំ្ថ

4

2

sin b (2)
b (a b)

=
+

ថថថ

រូរកៃសមថ(1) ថថនិឹ ថ(2) ថថា �ឹថនិឹថា �ឹេគ្ន ថ៖ ថ

4 4

2 2 2

cos x sin x a b a b 1
a b (a b) (a b) (a b) a b

+
+ = + = =

+ + + +
  មាិ។ 
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 ហំរត់ត៨ 

េគយដឹងថ 3 btan , a 0 , b 0
a

ϕ = ≠ ≠ ថថ។ថថ 

ចូរះររយប រគងថ
4 4

3 3 3 32 2 2 2

cos sin 1

a b a b

ϕ ϕ
+ =

+
 

ដំីណា្្ 

ះររយប រគងថ
4 4

3 3 3 32 2 2 2

cos sin 1

a b a b

ϕ ϕ
+ =

+
  

េគ�នថ 3 btan
a

ϕ = ថថថថនឱំ្ថថថ 3sin btan
cos a

ϕ
ϕ = =

ϕ
ថ

េគទថ
3 3

cos sin
a b
ϕ ϕ
= ថថថ

ាថថ
2 2 2 2

3 3 3 3 3 32 2 2 2 2 2

cos sin cos sin 1
a b a b a b
ϕ ϕ ϕ + ϕ
= = =

+ +
ថថថ

េគទថ
2

3 3 32 2 2

cos 1
a a b
ϕ
=

+
ថថថនិឹថថថ

2

3 3 32 2 2

sin 1
b a b
ϕ
=

+
ថថថ
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េគទថ
34 2

3 3 32 2 2 2

cos a
a ( a b )
ϕ
=

+
ថថថ 

និឹថថថ
34 2

3 3 32 2 2 2

sin b
b ( a b )
ϕ
=

+
ថថ

រូរកៃាី រមាេនេគឡឡួផ្នថ៖ 

ថថ
3 34 4 2 2

3 3 3 3 3 32 2 2 2 2 2 2

cos sin a b 1

a b ( a b ) a b

ϕ ϕ +
+ = =

+ +
ថថមាិថ 

យូចេនថថ
4 4

3 3 3 32 2 2 2

cos sin 1

a b a b

ϕ ϕ
+ =

+
។ 
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 ហំរត់ត៩ 

េគឲ្ថ
4 4cos x sin x 1

a b a b
+ =

+
ថ 

ែយផថa 0 , b 0 , a b 0≠ ≠ + ≠ ។ថ

ចូរះររយប រគងថ
10 10

4 4 4
cos x sin x 1

a b (a b)
+ =

+
ថ។ 

ដំីណា្្ 

េឹ�នថ
4 4cos x sin x 1

a b a b
+ =

+
ថ

េឹ្នថ 4 4(a b)(bcos x asin x) ab+ + = ថថថថ

4 2 4 2 4 4

2 4 2 4 4 4

2 2 2 4 2 2

2 2

abcos x a sin x b cos x absin x ab 0

a sin x b cos x ab (sin x cos x 1 ) 0

a sin x b cos x 2absin xcos x 0

(asin x bcos x) 0

+ + + − =

+ + + − =

+ − =

− =

ថ
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េគទថ
2 2 2 2cos x sin x cos x sin x 1

a b a b a b
+

= = =
+ +

ថ

េគ្នថ
2cos x 1

a a b
=

+
ថនឲំ្ថ

10

4 5
cos x a (1)

a (a b)
=

+
ថ

េទថ
2sin x 1

b a b
=

+
ថនឲំ្ថ

10

4 5
sin x a (2)

b (a b)
=

+
ថ

រូរកៃាី រថ(1) ថនិឹថ(2) ថេគ្នថ

10 10

4 4 5 4
cos x sin x a b 1

a b (a b) (a b)
+

+ = =
+ +

ថ

យូចេនថ
10 10

4 4 4
cos x sin x 1

a b (a b)
+ =

+
ថ។ថ
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 ហំរត់ត១០ 

េគឲ្ថ a b ccos , cos , cos
b c c a a b

α = β = γ =
+ + +

ថ

ចូរះរងថ 2 2 2tan tan tan 1
2 2 2
α β γ
+ + = ថ។ 

ដំីណា្្ 

ះរងថ 2 2 2tan tan tan 1
2 2 2
α β γ
+ + = ថថ

េឹ�នថ 2 21 cos 1 cossin , cos
2 2 2 2
α − α α + α
= = ថ

េគ្នថ 2

a11 cos b c ab ctan a2 1 cos b c a1
b c

−α − α + −+= = =
+ α + ++

+

ថថ

    2

b11 cos c a bc atan b2 1 cos c a b1
c a

−β − β + −+= = =
+ β + ++

+

 

ថថថ 2

c11 cos a b ca btan c2 1 cos a b c1
a b

−γ − γ + −+= = =
+ γ + ++

+

ថ
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េឹ្នថ៖ថថថ 

ថ 2 2 2 b c a c a b a b ctan tan tan
2 2 2 a b c a b c a b c
α β γ + − + − + −
+ + = + +

+ + + + + +

2 2 2 b c a c a b a b ctan tan tan
2 2 2 a b c
α β γ + − + + − + + −
+ + =

+ +
 

2 2 2 a b ctan tan tan 1
2 2 2 a b c
α β γ + +
+ + = =

+ +
  មាិថ

យូចេនថ 2 2 2tan tan tan 1
2 2 2
α β γ
+ + = ថថ។ 
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 ហំរត់ត១១ 

ចូររង ងថtan 3a tan 2a tana tan 3atan 2atana− − = ថថ

ែយផថ ka
2
π

≠ ថះគរគចំនួនគាគរ រឺ ឡាទីថk ថ។ 

ដំីណា្្ 

រង ងថtan 3a tan 2a tana tan 3atan 2atana− − = ថថ

េគ�នថtan 3a tan(2a a)= +  

      

tan 2a tanatan 3a
1 tan 2atana

tan 3a(1 tan 2atana) tan 2a tana
tan 3a tan 3atan 2atana tan 2a tana

+
=

−
− = +

− = +
ថ

យួចេនថtan 3a tan 2a tana tan 3atan 2atana− − = ថថ។ 
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 ហំរត់ត១២ 

េគឱ្ថa ; b ; c ; d ថនិឹថx ថជចនួំនមាិេា��ឹផ� ាគ ថ៖ ថ

sin x sin 2x sin 3x sin4x
a b c d

= = =    ែយផថx k ; k Z≠ π ∈ ថ

ចូររង ងថថ 3 2 2 4a (4b d ) b (3a c)− = − ថថថ 
ដំីណា្្ 

រឹថ sin x sin 2x sin 3x sin4x t
a b c d

= = = = ថថថ

េគទថ

sin x at
sin 2x bt
sin 3x ct
sin4x dt

=
 =
 =
 =

ថ

េគ�នថsin4x 2sin 2xcos 2x=  

     
2 2 2

2 2 2

2 2 2 2 2 2

sin 4x 4sin 2xcos 2x

sin 4x 4sin 2x(1 sin 2x)

d t 4b t (1 b t )

=

= −

= −

ថ
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េគទថ
2

2
2 2

1 dt 1 (1)
b 4b

 
= −  

 
ថ

ៃា្ ឹេឡាថ 3sin 3x 3sin x 4sin x= −  

               
2

2 2

sin 3x sin x(3 4sin x)

ct at(3 4a t )

= −

= −
ថ

េគទថ ( )2
2

1 ct (3 ) 2
a4a

= − ថ

ា�ដៃថ( )1 ថនិឹថ( )2 ថេគ្ន ថ៖ ថ

            
2

2 2 2

2 2

4 3

1 d 1 c1 3
ab 4b 4a

4b d 3a c
4b 4a

   − = −       

− −
=

ថ

គគណា �ឹទំឹ មារនដឹថ 3 4a b ថេគ្នថថ 3 2 2 4a (4b d ) b (3a c)− = − ថថ

យូចេនថថ 3 2 2 4a (4b d ) b (3a c)− = − ថ។ 
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 ហំរត់ត១៣ 

េគឱ្ថ )c o( s i n1)( xx
k

xf kk
k += ថែយផថ . .;3;2;1=k ថ

ចូររង ងថ 1
1)()( 64 =− xfxf ថថ។ថថថ

ដំីណា្្ 

រង ងថ 1
1)()( 64 =− xfxf ថថថ

េគ�នថ )c o( s i n
4
1)( 44

4 xxxf += ថ

ថថថថថថថថថថថថថថថថថថថថ
( )xx

xxxx

22

22222

c o ss i n21
4
1

]c os i n2)c o s( s i n[
4
1

−=

−+=
ថ

េទថ )c o( s i n
6
1)( 66

6 xxxf += ថថ

[ ])c( sc os i n3)c o s( s i n
6
1)( 2222322

6 xxxxxxxf +−+= ថ

ថថថថថថថថថ ( )xx 22 c os i n31
6
1

−= ថ
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េគ្នថ 1
1

6
1

4
1)()( 64 =−=− xfxf ថ

យូចេនថថ 1
1)()( 64 =− xfxf ថថថ។ថ
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 ហំរត់ត១៤ 

េគឱ្ថ dcba ,,, ថជចនួំនេេរគឹចេនម ថ ];0[ π ថេដយដឹងថ





+=+
+=+

)c o2( c o s4c o s7c o s
)s i2( s i n4s i n7s i n

dcba
dcba

ថថ

ចូររង ងថ )c o7)c o s (2 cbda −=− ថថថ។ថ

ដំីណា្្ 

េគ�នថថ




+=+
+=+

)c o2( c o s4c o s7c o s
)s i2( s i n4s i n7s i n

dcba
dcba

ថថ

ាថថថថថថថថ




−=−
−=−

bcda
bcda

c7c o s4c o s8c o s
s i7s i n4s i n8s i n

ថថ

ាថថថថថថថថថ






−=−

−=−

)()c o7c o s4()c o s8c o s(

)()s i n7s i n4()s i n8s i n(
22

22

ibcda

ibcda
ថ

រូរកៃាី រថ )(i ថនិឹថ )(ii ថា �ឹនដឹា �ឹេគ្នថ៖ថ

ថថថថថថថថថថថ )c o5 6)c o s (1 6
)c o5 66 5)c o s (1 66 5

cbda
cbda

−−=−−
−−=−−

ថ

យូចេនថថ )c o7)c o s (2 cbda −=− ថថ។ថថថ
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 ហំរត់ត១៥ 

ចូរះររយប រគងថ 2 2| acos x bsin x | a b+ ≤ + ថថ

ដំីណា្្ 

ះររយប រគងថ 2 2| acos x bsin x | a b+ ≤ + ថថ

ឧរ�ងថ 2 2| acos x bsin x | a b+ ≤ + ថថមាិថ

កៃៃូផថ 2 2 2(acos x bsin x) a b+ ≤ + ថ

េដថ 2 2sin x cos x 1+ = ថេនេគ្នថ៖ថ

2 2 2 2 2(acos x bsin x) (a b )(sin x cos x)+ ≤ + +  

2 2 2 2 2 2 2 2 2 2

2 2

a cos x 2absin xcos x b sin x a sin x a cos x b sin x
b cos x

+ + ≤ + +

+
ថ

ាថ 2 2 2 2a sin x 2absin xcos x b cos x 0− + ≥ ថ

ាថ 2(asin x bcos x) 0− ≥ ថថមាិថ

យូចេនថ 2 2| acos x bsin x | a b+ ≤ + ថថមាិថថ។ថ

ថ
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 ហំរត់ត១៦ 

ចូររង ង ថ៖ ថ

2

2
ba1)xc o sbx) ( s i nxc o sax( s i n 





 +

+≤++  

ដំីណា្្ 

េគ�ន ( )
2a b(sin x acos x)(sin x bcos x) 1 1

2
+ + + ≤ +  

 
  

-េរថcos x 0= ថេនថ
2

2 a bsin x 1
2
+ ≤ +  

 
ថមាិថ

-េរថcos x 0≠ ថថេឹែចរា �ឹទំឹ មារតនថថ( )1 ថនដឹ ថ 2cos x  

  
2

2
a b 1(tan x a)(tan x b) 1

2 cos x

 +  + + ≤ +  
   

ថ

រឹថt tan x= ថេនថ 2 2
2

1 1 tan x 1 t
cos x

= + = + ថ

េគ្នថ ( )
2

2a b(t a)(t b) 1 1 t
2

 +  + + = + + 
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2 2
2 2 2a b a bt (a b)t ab 1 t t

2 2
+ +   + + + ≤ + + +   

   
 

2 2
2

2 2

a b a bt (a b)t 1 ab 0
2 2

a b a bt 1 0
2 2

+ +   − + + + − ≥   
   

+ −   − + ≥   
   

Bti
ថ

យូចេនថថ
2a b(sin x acos x)(sin x bcos x) 1

2
+ + + ≤ +  

 
ថថ។ 
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 ហំរត់ត១៧ 

ចូររង ងថ ( ) 2a b1 1 1 2ab
sin x cos x

   + + ≥ +   
   

ថថ

ចំេពះគរគថa 0 , b 0 , 0 x
2
π

> > < < ។ 

ដំីណា្្ 

រង ងថថ ( ) 2a b1 1 1 2ab
sin x cos x

   + + ≥ +   
   

ថ

េគ�នថ a b a b ab(1 )(1 ) 1
sin x cos x sin x cos x sin xcos x

+ + = + + + ថ

រៃតកិៃសមថAM GM− ថេគ�នថ៖ថ

a b 2 ab
sin x cos x sin xcos x

+ ≥ េនេគ្នថថ៖

a b 2 ab ab(1 )(1 ) 1
sin x cos x sin xcos xsin xcos x

+ + ≥ + +  
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2

2 2

a b ab(1 )(1 ) (1 )
sin x cos x sin xcos x

a b 2ab(1 )(1 ) (1 ) (1 2ab)
sin x cos x sin 2x

+ + ≥ +

+ + ≥ + ≥ +

ថ

មាេះពះគរគថ0 x
2
π

< < ថេគ�នថsin 2x 1≤ ថថ។ 

យូចេន ( ) 2a b1 1 1 2ab
sin x cos x

   + + ≥ +   
   

។ 
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 ហំរត់ត១៨ 

េគឲ្ថx , y , z ថជចំនួនមាិែយផេា��ឹផ� ាគផរលខ�ណ័ថ៖ថ

cos x cos y cos z 0+ + =  និឹថcos 3x cos 3y cos 3z 0+ + = ថ

ចូររង ងថcos 2xcos 2y cos 2z 0≤ ថថ។ 

ដំីណា្្ 

រង ងថcos 2xcos 2y cos 2z 0≤ ថថ

រៃររូៃនមថ 3cos 3a 4cos a 3cosa= − ថថ

េគទថ 34cos x 3cos x cos 3x (1)= + ថថ

       
3

3

4cos y 3cos y cos 3y (2)

4cos z 3cos z cos 3z (3)

= +

= +
ថ

រូរឡនំរគឡនំឹថ(1) , (2) , (3) ថេគ្នថ៖ថ

3 3 34cos x 4cos y 4cos z 0+ + = ថ

ាថ 3 3 3cos x cos y cos z 0+ + =  
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(ថេះពcos x cos y cos z 0+ + = ថនិឹថcos 3x cos 3y cos 3z 0+ + = ) 

េគ�នថcos x cos y cos z 0+ + = ថ

េគ្នថcos x cos y cos z+ = − េផរជគូរេគ្នថ៖ថ

3 3

3 3 3

3 3 3

3 3 3

(cos x cos y) cos z

cos x 3cos xcos y (cos x cos y) cos y cos z

cos x 3cos xcos y cos z cos y cos z

cos x cos y cos x 3cos xcos y cos z

+ = −

+ + + = −

− + = −

+ + =

ថ

េដថ 3 3 3cos x cos y cos z 0+ + = េគទថ3cos xcos y cos z 0= ថ

នឲំ្ថcos x 0= ថាថcos y 0= ថាថcos z 0= ថ។ថ

េដកន�ារថcos x 0= ថេនថcos y cos z= −  

េគ្នថ៖ថ

2 2 2

2 2

cos 2xcos 2y cos 2z (2cos x 1)(2cos y 1)(2cos z 1)

cos 2xcos 2y cos 2z (2cos z 1) 0

= − − −

= − − ≤
ថ

យូចេនរយ ះាតត្នះររយប រគថ។ 
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 ហំរត់ត១៩ 

ចំេពះគរគចំនួនមាិថx ចូរះររយប រគងថថ

4 4sin x cos x 1
a b a b

+ ≥
+

    ; (a 0 , b 0 )> >  

ដំីណា្្ 

ះររយប រគងថ
4 4sin x cos x 1

a b a b
+ ≥

+
  

រៃតកិៃសមថCauchy Schwarz− ថេគ្ន ថ៖ ថ

4 4 2 2 2 2

4 4 2 2 2

sin x cos x (sin x) (cos x)
a b a b

sin x cos x (sin x cos x)
a b a b

+ = +

+
+ ≥

+

ថ

េដថ 2 2sin x cos x 1+ = ថ

យូចេនថ
4 4sin x cos x 1

a b a b
+ ≥

+
ថថ។ថ
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 ហំរត់ត២០ 

េគឲ្ានគគៃននថ

2 2 2 2f (x) asin x bcos x c acos x bsin x c= + + + + + ថថថ

ែយផថa , b , c ថជរាចំនួនមាិត ិិ ប�នថ។ថ

ចូរះរងថ
a ba c b c f (x) 2 c

2
+

+ + + ≤ ≤ + ថ

រចួរយប រគាតៃមាារិរ�ថនិឹថារបររ�តនថf (x) ថ។ 

ដំីណា្្ 

ះរងថ a ba c b c f (x) 2 c
2
+

+ + + ≤ ≤ + ថថ

េឹ�នថ៖

2 2 2 2f (x) asin x bcos x c acos x bsin x c (1)= + + + + + ថថថ

េដថa , b , c ថជរាចនួំនមាិត ិិ ប�នេនថ x IR : f (x) 0∀ ∈ > ថ

េផរា �ឹទំឹ មារតនថ(1) ថជីេរេគ្នថ៖ថ
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2
2 2 2 2 2

2 2 2 2 2

f (x) asin x bcos x c acos x bsin x c

f (x) a b 2c 2 (asin x bcos x c)(acos x bsin x c) (2)

 = + + + + + 
 

= + + + + + + +

ថ

រៃតកិៃសមរូកគាះគរគចនួំនមាិថA , B 0≥ ថ

េគ�នថថថA B 2 A.B+ ≥ ថាថ2 A.B A B≤ + ថ

េគ្នថ៖

2 2 2 22 (asin x bcos x c)(acos x bsin x c) a b 2c+ + + + ≤ + + ថ

រៃឡំនរគឡនំឹថ( )2 ថេគទ្នថ៖ថ

2 a bf (x) a b 2c a b 2c 4( c)
2
+

≤ + + + + + = +   

នឲំ្ថថ
a bf (x) 2 c (3)

2
+

≤ + ថ

ៃ្ាឹេឡាេឹរឹថ៖
2 2 2 2P(x) (asin x bcos x c)(acos x bsin x c)= + + + +  



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 66 

 

2 2 2 2

2 2

2 2 2 4

2 2 2

P(x) [ a(1 cos x) bcos x c] [acos x b(1 cos x) c]

P(x) [(a c) (b a)cos x] [ (b c) (b a)cos x]

P(x) (a c)(b c) (b a) cos x (b a) cos x

P(x) (a c)(b c) (b a) cos xsin x

= − + + + − +

= + + − + − −

= + + + − − −

= + + + −

ថ

េឹ�នថ 2 2 2(b a) sin xcos x 0 , x IR− ≥ ∀ ∈ ថ

េគទ្នថP(x) (a c)(b c) , x IR≥ + + ∀ ∈ ថ

ឡំនរគឡំនឹថ(2) ថេគអចករេករថ៖ថ

2

2

2 2

f (x) a b 2c 2 P(x) a b 2c 2 (a c)(b c)

f (x) (a c) (b c) 2 (a c)(b c)

f (x) ( a c b c)

= + + + ≥ + + + + +

≥ + + + + + +

≥ + + +

ថ

េគទថf (x) a c b c (4)≥ + + + ថ

រៃឡំនរគឡនំឹថ(3) ថនិឹថ(4) ថេគទ្នថ៖ថ

a ba c b c f (x) 2 c
2
+

+ + + ≤ ≤ +  ចំេពះគរគថx IR∈ ថថ
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 ហំរត់ត២១ 

េគ�នានគគៃននថ
2 2

2 2
2 2

1 1f (x) sin x cos x
sin x cos x

   
= + + +   

   
ថ

ចូរររាតៃមាូចរាំគាតនានគគៃននេនថ។ 

ដំីណា្្ 

ររាតៃមាូចរំាគាតនf (x) 

2 2 2 2
2 2

1 1f (x) (cos x ) (sin x )
cos x sin x

= + + +  

     

4 4
4 4

4 4
4 4

4 4
4 4

2 2 2 2 2
4

2
4

1 1cos x 2 sin x 2
cos x sin x

1 14 (cos x sin x) ( )
sin x cos x

14 (cos x sin x)(1 )
sin xcos x

164 (cos x sin x) 2sin xcos x (1 )
sin 2x

1 164 (1 sin 2x)(1 )
2 sin 2x

= + + + + +

= + + + +

= + + +

 = + + − + 

= + − + ថ



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 68 

 

េដេគ�នថ 2sin 2x 1≤ ថនឲំ្ថ 21 11 sin 2x
2 2

− ≥ ថ 

និឹថ 4
161 17

sin 2x
+ ≥  ។ថ

េគទថ 2
4

1 16 17 254 (1 sin 2x)(1 ) 4
2 2 2sin 2x

+ − + ≥ + = ថ

េឹ្នថ៖ 

2
4

1 16 5 2f (x) 4 (1 sin 2x)(1 )
2 2sin 2x

= + − + ≥ ថ

យូចេនាតៃមាូចរាំគាតនានគគៃននគរថ
5 2m

2
= ថថ។ 
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 ហំរត់ត២២ 

េគឲ្ថx ថជចំនួនមាិែយផថ 260x 71x 21 0− + < ថ។ថ

ចូររង ងថថsin 0
3x 1
π  < − 

ថថថ។ 

ដំីណា្្ 

រង ងថថsin 0
3x 1
π  < − 

ថថ

រឹថ 2f (x) 60x 71x 21= − + ថ

េរថ 2f (x) 0 60x 71x 21 0= ⇔ − + =  

2( 71) 4(60)(21) 5041 5040 1∆ = − − = − = ថ

េគទាកថថ 1 2
71 1 7 71 39 3x , x
120 12 120 5
− +

= = = = ថ

េឹ្នថ 2f (x) 60x 71x 21 0= − + < ថថ

នឲំ្ថថ 7 3x
12 5

< < ថថថាថថ 7 93x
4 5

< < ថ
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ាថថ 3 43x 1
4 5
< − < ថនឲំ្ថ 4 1 4

5 3x 1 3
< <

−
ថ

េគទថ 4 4
5 3x 1 3
π π π
< <

−
ថនឲំ្ថsin 0

3x 1
π  < − 

ថ។ថ

យូចេនថេរថx ថជចំនួនមាិែយផថ 260x 71x 21 0− + < ថថ

េនេគ្នថថsin 0
3x 1
π  < − 

ថ។ 
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 ហំរត់ត២៣ 

េគឲ្ថθ ថជចំនួនមាិែយផថ0
2
π

< θ < ថថ។ថ

ចូររង ងថថ( ) ( )cos sinsin cos 1θ θθ + θ > ថ 

ដំីណា្្ 

រង ងថថ( ) ( )cos sinsin cos 1θ θθ + θ > ថ

រៃតកិៃសមថBernoulli ថថ

េគ�នថ(1 x) 1 x , x 1 , 0α+ ≤ + α ∀ > − α > ថ

េឹ�នថ៖ថ

cos cos

cos

cos

1 1 sin1
sin sin

1 cos (1 sin )1
sin sin

1 sin cos sin cos
sin sin

θ θ

θ

θ

− θ   = +   θ θ   

θ − θ  < + θ θ 

θ + θ − θ θ  < θ θ 

ថ
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ាថ( )cos sinsin (1)
sin cos sin cos

θ θ
θ >

θ + θ − θ θ
ថ

ះរយូចលឹេផេនែយរេឹ្ន៖ថ

  ( )sin coscos (2)
sin cos sin cos

θ θ
θ >

θ + θ − θ θ
ថ

រូរតកិៃសមថ(1) ថនិឹថ(2) លឹេផេនេឹ្នថ៖ថ

( ) ( )cos sin sin cossin cos
sin cos sin cos

θ θ θ + θ
θ + θ >

θ + θ − θ θ
ថ

េដេគ�នថ son cos 1
sin cos sin cos

θ + θ
>

θ + θ − θ θ
ថ

យូចេនថ( ) ( )cos sinsin cos 1θ θθ + θ > ថថ។ 
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 ហំរត់ត២៤ 

ចំេពះគរគចំនួនមាិថx (0, )
4
π

∈ ថថ

ចូររង ងថថ cos x sin x(cos x) (sin x)>  

ដំីណា្្ 

រង ងថថ cos x sin x(cos x) (sin x)> ថ

រៃតកិៃសមថBernoulli ថចំេពះគរគចនួំនថx ថនិឹថa ថ 

ែយផថx 1> − ថនិឹថa 1> ថ

េឹ�នថ a(1 x) 1 ax+ ≥ + ថថ។ថ

េទាគេនចំេពថ0 x
4
π

< < ថេគ្ន ថ៖ ថ

cos x cos x cos x
2 sin x sin x sin x(cos x) (1 sin x) .(1 sin x)= − + ថ

េដថ
cos x
sin x(1 sin x) 1 cos x− > − ថ 
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និឹថ
cos x
sin x(1 sin x) 1 cos x+ > + ថ

េគ្នថ
cos x

2 2sin x(cos x) (1 cos x)(1 cos x) sin x> − + = ថ

េគទថថ
cos x
sin x(cos x) sin x>  

           

cos x
sin x

cos x sin x

ln(cos x) ln(sin x)
cos x ln(cos x) ln(sin x)
sin x
cos x ln(cos x) sin x ln(sin x)

ln(cos x) ln(sin x)

>

>

>

>

ថ

យូចេនថ cos x sin x(cos x) (sin x)> ថថ។ 
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 ហំរត់ត២៥ 

េគ�នានគគៃននថf ថែយផចំេពះគរគថx IR∈ ថថ

េគ�នថf (x) 2f ( x) 3cos x sin x+ − = − ថថ។ថ

ចូរះរងថf (x) 2≤ ថចំេពះគរគថx IR∈  

ដំីណា្្ 

ះរងថf (x) 2≤ ថចំេពះគរគថx IR∈ ថ

េគ�នថf (x) 2f ( x) 3cos x sin x (1)+ − = − ថថថ

េដិំនួកថx ថេដថ x− ថរគឹឡំនរគឡំនឹថ(1) ថេគ្នថថ

f ( x) 2f (x) 3cos x sin x (2)− + = + ថ

េឹ្នះរម�នបកៃាី រថ៖ថ

f (x) 2f ( x) 3cos x sin x 1
2f (x) f ( x) 3cos x sin x 2

3f (x) 3cos x 3sin x

+ − = −
 + − = + −

− = − −

 ថ



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 76 

 

េគទ្នថf (x) cos x sin x= +  

        

2 2f (x) 2 ( cos x sin x)
2 2

2 (sin cos x sin xcos )
4 4

2 sin( x)
4

= +

π π
= +

π
= +

ថ

េដថ x IR : sin( x) 1
4
π

∀ ∈ + ≤ ថ។ថ

យូចេនថf (x) 2≤ ថចំេពះគរគថx IR∈ ថថ។ 
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 ហំរត់ត២៦ 

េគឲ្ានគគៃននថថ៖ 

( ) ( )2 2f (x;y ) acos x bcos y asin x bsin y= + + + ថថ

( ែយផថa 0 , b 0> > ថ) ។ថ

ចំេពះគរគថx; y IR∈ ថរង ងថ 2f (x;y) (a b)≤ + ថ។ 

ដំីណា្្ 

( ) ( )2 2f (x;y ) acos x bcos y asin x bsin y= + + +       
2 2 2 2 2 2

2 2

a (cos x sin x) b (cos y sin y) 2ab(cos xcos y sin xsin y)

a b 2abcos(x y)

= + + + + +

= + + −

េគ្នថ 2 2f (x;y) a b 2abcos(x y)= + + −
 

េដេគ�នថ x;y IR : cos(x y) 1∀ ∈ − ≤ ថ

េឹ្នថ 2 2 2f (x) a b 2ab (a b)≤ + + = + ថ

យូចេនថ 2f (x;y) (a b)≤ + ថ។ 
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 ហំរត់ត២៧ 

រ. ចូរគណនាតៃមះ្រយតនថsin
10
π ថនិឹថcos

10
π ថ

ខ. ចូរះរងថ 2 2 2 2 2x (x y) 4(x y )sin
10
π

+ − ≤ + ថថ

ះគរគចនួំនថx,y IR∈ ថថ។ 

ដំីណា្្ 

រ. គណនាតៃមះ្រយតនថsin
10
π ថនិឹថcos

10
π  

េគ�នថថថ 2 3
10 2 10
π π π
= −  

េគ្នថថ 2 3 3sin sin( ) cos
10 2 10 10
π π π π
= − =  

រៃររូៃនមះាាេីណ�ះាថ៖ថ

sin 2a 2sinacosa=  និឹថ 3cos 3a 4cos a 3cosa= −  
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3

2

2

32sin cos cos
10 10 10

2sin cos 3cos 4cos
10 10 10 10

2sin 3 4cos
10 10

2sin 3 4(1 sin )
10 10

π π π
=

π π π π
= −

π π
= −

π π
= − −

 

 ាថថថថថ 24sin 2sin 1 0
10 10
π π
− − = ថរឹថt sin 0

10
π

= >  

 េគ្នថថ 24t 2t 1 0 , ' 1 4 5 0− − = ∆ = + = >  

 េគទាកថ 1
1 5t 0

4
−

= < ថ 2
1 5, t

4
+

=  

 យូចេនថ 1 5sin
10 4
π +
= ថ។ថេដ 2 2sin cos 1

10 10
π π
+ = ថថ

ថ  នឲំ្ថ 21 5 10 2 5cos 1 ( )
10 4 4
π + −
= − =  

ថ យូចេនថថ 10 2 5cos
10 4
π −
= ថថ។ថ
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ខ. ះរងថ 2 2 2 2 2x (x y) 4(x y )sin
10
π

+ − ≤ +  

រឹានគគៃននថ 2 2 2 2 2f (x;y) x (x y) 4(x y )sin
10
π

= + − − +  

េគ្ន 2 2 2 2 2 21 5f (x;y) x x 2xy y 4(x y )( )
4
+

= + − + − +  

    ថថថថថថថ     

2 2 2 2

2 2 2 2

2 2

2 2

2

6 2 52x 2xy y 4(x y )
16

3 52x 2xy y (x y )
2

1 5 1 5x 2xy y
2 2

5 1 5 1x 2xy y
2 2

5 1 5 1x y 0 , x,y IR
2 2

+
= − + − +

+
= − + − +

− +
= − −

 − +
= − + + 

 

 − + = − + ≤ ∀ ∈
 
 

 

 យូចេនថ 2 2 2 2 2x (x y) 4(x y )sin
10
π

+ − ≤ + ថ។ 
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 ហំរត់ត២៨ 

េគឱ្ានគគៃននថ 2 2f (x) 4(tan x cot x) 12(tan x cot x) 9= + − + +   

ែយផថx ( 0 , )
2
π

∈ ថ។ចូរររាតៃមាូចរាំគាតនានគគៃននថf (x) ថថ។ 

ដំីណា្្ 

ររាតៃមាូចរំាគាតនានគគៃននថf (x) ថថ

េគ�នថ 2 2f (x) 4(tan x cot x) 12(tan x cot x) 9= + − + +   
រឹថt tan x cot x 2 tan xcot x 2= + ≥ = ថ

េគ្នថ 2 2 2 2t (tan x cot x) tan x cot x 2= + = + + ថ

ាថ 2 2 2tan x cot x t 2+ = − ថ

េគ្នថ ថ

េដថ ថេនថ2t 3 4 3 1− ≥ − = េគ្នថf (x) 1 8 7≥ − = − ថ

យូចេនាតៃមាូចរាំគាតនថf (x) ថេក�នដឹថ 7− ថថ។ 

8)32(91 2)2(4)( 22 −−=+−−= tttxf

2≥t
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 ហំរត់ត២៩ 

ចូរគណនថ 3 3 34 7S cos cos cos
9 9 9
π π π

= − +  

ដំីណា្្ 

គណនថ 3 3 34 7S cos cos cos
9 9 9
π π π

= − + ថថ

រៃររូៃនមថថ 3cos 3a 4cos a 3cosa= − ថ

ាថ 3 3 1cos a cosa cos 3a
4 4

= + ថ

រេននៃែយផឲ្អចករេករជថ៖ថ

3 4 7 1 4 7S (cos cos cos ) (cos cos cos )
4 9 9 9 4 3 3 3

π π π π π π
= − + + − + ថ

រឹថ
4 7M cos cos cos

9 9 9
π π π

= − + ថថ

េដថ
4 13cos cos
9 9
π π

− =  
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7 13M cos cos cos
9 9 9
π π π

= + +   

គគណនដឹថ2sin
3
π

ថេគ្នថ

7 132M sin 2cos sin 2cos sin 2cos sin
3 9 3 9 3 9 3

3 4 2 10 4 16 102 .M sin sin( ) sin sin sin sin
2 9 9 9 9 9 9
3 2 16 72 M sin sin 2 sin cos( ) 0

2 9 9 9

π π π π π π π
= + +

π π π π π π
= − − + − + −

π π π
= + = π − =

ថ

េគទ្នថM 0= ថ

រឹថ
4 7 1 1 1 3N cos cos cos

3 3 3 2 2 2 2
π π π

= − + = + + = ថ

េគ្នថ
3 1 3S M N
4 4 8

= + = ថ។ថ

យូចេនថ 3 3 34 7 3S cos cos cos
9 9 9 8
π π π

= − + = ថ។ថ
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 ហំរត់ត៣០ 

េគឲ្ថ0 a
2
π

< < ថនិឹថ0 b
2
π

< < ថ។ថ

ចូររង ងថ
2 22 2sin a cos a 1

sinb cosb
   

+ =      
   

ថផគះរែាថa b= ថថ។ 

ដំីណា្្ 

ីររង ថ

េគ�នថថ
2 22 2sin a cos a 1

sinb cosb
   

+ =      
   

ថ

កៃៃូផថ
4 4

2 2
2 2

sin a cos a(sin b cos b) 1
sin b cos b

 
+ + =  
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2 2
4 4 4 4

2 2

2 2
2 2 4 4

2 2

2
2 2

cos b sin bsin a cos a sin a cos a 1
sin b cos b

cos b sin b1 2sin acos a sin a cos a 1
sin b cos b

cosb sinbsin a cos a) 0
sinb cosb

+ + + =

− + + =

 − = 
 

 

េគទថ 2 2cosb sinbsin a cos a
sinb cosb

= ថ

កៃៃូផថថថថថ
2 2

2 2
sin a sin b
cos a cos b

= ថ

កៃៃូផថថថថថ 2 2tan a tan b= ថ

េដថ0 a
2
π

< < ថនិឹថ0 b
2
π

< < ថេនេគទថa b= ថ។ 

 
ថ
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 ហំរត់ត៣១ 

គណនថ o o oP cos 20 cos40 cos80=  

ដំីណា្្ 

គណន o o oP cos 20 cos40 cos80= ថថថ

រឹថ o oz cos 20 i sin 20= + េទថ 9 o oz cos180 i sin180 1= + = − ថ

េគ្នថ
2

o
1zz z z 1zcos 20

2 2 2z

++ +
= = = ថថថថ(  េះពថ 1z

z
= ថថ) 

          
2 2 4 4 4 8

o o
2 4

z z z 1 z z z 1cos40 ; cos80
2 22z 2z
+ + + +

= = = = ថ

2 4 8 2 2 4 8

7 7 2
(z 1)(z 1)(z 1) (z 1)(z 1)(z 1)(z 1)P

8z 8z (z 1)
+ + + − + + +

= =
−

 

             
16 7

9 7 7
z 1 z 1 1

88(z z ) 8( 1 z )
− − −

= = =
− − −

ថ

យូចេនថថ o o o 1P cos 20 cos40 cos80
8

= = ថថ។ 
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 ហំរត់ត៣២ 

រង ង ថ៖ ថ

1 1 3 1 9 1 27 1( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20 16

π π π π
+ + + + =     

ដំីណា្្ 

រឹថ 1 1 3 1 9 1 27P ( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20

π π π π
= + + + + ថថថថ

       
3 n

n 0

1 3cos
2 20

=

  π
= +      
∏ ថ

េគ�នថ 2 21 1 a 1 acosa 1 2sin (3 4sin )
2 2 2 2 2
+ = + − = − ថ

េទថ 2 23a a a a asin 3sin 4sin sin (3 4sin )
2 2 2 2 2
= − = − ថ

នឱំ្ថ 2
3asina 23 4sin a2 sin
2

− = ថ
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េទាគេនថថ

3asin1 1 2cosa a2 2 sin
2

+ = ថ

រថ
n3a
20
π

= ថេគ្នថ

n 1
n

n

3sin1 3 1 40cos .
2 20 2 3sin

40

+ π
 π

+ =   π 
ថ

េគ្នថ

n 1
3

n
n 0

3 81sin sin1 1 140 40P . .
2 16 163 sinsin 4040

+

=

 π π
 
 = = =

π π
 
 

∏ ថ

េះពថថ 81sin sin(2 ) sin
40 40 40
π π π
= π + = ថថ។ថ

យូចេនថថ

1 1 3 1 9 1 27 1( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20 16

π π π π
+ + + + = ថថ 

ថ
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 ហំរត់ត៣៣ 

ចូររង ងថ 3 5 7 9 1cos cos cos cos cos
11 11 11 11 11 2
π π π π π
+ + + + =  

ដំីណា្្ 

រថz cos i.sin
11 11
π π

= + ថថេទថថ ថ

េគ�នថ
11

3 5 7 9
2 2

z z 1 z 1W z z z z z
1 zz 1 z 1

− − −
= + + + + = = =

−− −
ថ

េដថថ1 z 1 cos i sin 2sin (sin icos )
11 11 22 22 22
π π π π π

− = − − = − ថ

1W
2sin (sin icos )

22 22 22

=
π π π

−
  

1 1i cot
2 2 22

π
= +  

ែារមាិតនថW ថគរថថ 3 5 7 9cos cos cos cos cos
11 11 11 11 11
π π π π π
+ + + + ថថ

យូចេនថថថ

3 5 7 9 1cos cos cos cos cos
11 11 11 11 11 2
π π π π π
+ + + + = ថថ

ថ 

1z1 1 −=
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 ហំរត់ត៣៤ 

គណនាតៃមតនាផគគណថថ

o o o oP (1 cot1 )(1 cot 2 )(1 cot 3 ).....(1 cot 44 )= − − − −  

ដំីណា្្ 

េឹមនិិា្ថ
cosa sina cosa1 cot a 1
sina sina

−
− = − = ថ

េដថ osina cosa 2 sin(45 a)− = − ថ

េទាគេនថ
osin(45 a)1 cot a 2

sina
−

− = ថ

េឹ្នថ ( )
o o

o o

44 44 o

a 1 a 1

sin(45 a)P 1 cot a 2
sina

= =

 −
= − =  

  
∏ ∏  

            ( )
o o o44 22

o o o
sin44 .sin43 .....sin1P 2 . 2
sin1 .sin 2 ......sin44

= = ថ

យូចេនថ o o o 22P (1 cot1 )(1 cot 2 ).....(1 cot 44 ) 2= − − − = ថថ។ថ
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 ហំរត់ត៣៥ 

ចូរគណនាតៃមាផគគណ ថ៖ ថ

o o oP ( 3 tan1 )( 3 tan 2 ).....( 3 tan 29 )= + + +  

ដំីណា្្ 

គណនាតៃមាផគគណថ ( )
29

o

k 1

P 3 tank
=

= +∏ ថ

េគ�នថ
o o o

o
o o

sink 3 cosk sink3 tank 3
cosk cosk

+
+ = + =  

                    o o

o
2cos(30 k )

cosk
−

= ថ

េគ្នថ
29 o o

o
k 1

2cos(30 k )P
cosk=

 −
=  

  
∏  

            29 o o o o
29

o o o o
2 cos 29 cos 28 .....cos 2 cos1 2

cos1 cos 2 .....cos 28 cos 29
= = ថ

យូចេនថថ o o o 29( 3 tan1 )( 3 tan 2 ).....( 3 tan 29 ) 2+ + + =  
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 ហំរត់ត៣៦ 

ចូរគណនថ 2 2 22 4S sin sin sin
7 7 7
π π π

= + + ថ 

ដំីណា្្ 

គណនថ 2 2 22 4S sin sin sin
7 7 7
π π π

= + + ថ

េឹ្នថ

2 4 81 cos 1 cos 1 cos
7 7 7S

2 2 2

π π π
− − −

= + +  

  ថថថថថថថថថថ     

3 1 2 4 8( cos cos cos )
2 2 7 7 7

π π π
= − + + ថ

រឹថ
2 4 8T cos cos cos
7 7 7
π π π

= + +  

   
5 3cos( ) cos ( ) cos ( )
7 7 7

5 3cos cos cos
7 7 7

π π π
= π − + π − + π +

π π π
= − − −

ថ
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គគណា �ឹទំឹ មារនដឹថ2sin
7
π

ថេគ្នថ៖ថ

5 32T sin 2cos sin 2cos sin 2cos sin
7 7 7 7 7 7 7
π π π π π π π
= − − − ថ

រៃររូៃនមថ2cosasinb sin(a b) sin(a b)= + − −  

5 32T sin 2cos sin 2cos sin 2cos sin
7 7 7 7 7 7 7

6 4 4 2 22Tsin ( sin sin ) (sin sin ) sin
7 7 7 7 7 7

62Tsin sin sin( ) sin
7 7 7 7

π π π π π π π
= − − −

π π π π π π
=− − − − −

π π π π
= − = − π − = −

ថ

េគទថ
1T
2

= − ថនឲំ្ថថ
3 1 1 7S ( )
2 2 2 4

= − − = ថ

យូចេនថ 2 2 22 4 7S sin sin sin
7 7 7 4
π π π

= + + = ថ។ថ

 

ថ
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 ហំរត់ត៣៧ 

ចូរគណនថ 2 4 8S sin sin sin
7 7 7
π π π

= + + ថថ 

ដំីណា្្ 

េគ�នថ 2 5 4 3 8sin sin , sin sin , sin sin
7 7 7 7 7 7
π π π π π π
= = = − ថ

េទថ 2 8sin sin sin
7 7 7
π π π
> = − ថនិឹថ

4sin 0
7
π
> ថ

េគ្នថ
5 3S sin sin sin 0
7 7 7
π π π

= + − > ថ

េផរា �ឹទមំារជីេរេគ្នថ៖ថ

2 2 2 25 3 5 3 5 3S sin sin sin 2sin sin 2sin sin 2sin sin
7 7 7 7 7 7 7 7 7
π π π π π π π π π

= + + + − −

រឹថ 2 2 25 3M sin sin sin
7 7 7
π π π

= + +  
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10 6 2cos cos cos3 7 7 7
2 2
3 1 3 5cos( ) cos( ) cos( )
2 2 7 7 7
3 1 3 5( cos cos cos )
2 2 7 7 7

π π π
+ +

= −

π π π = − π + + π − + π −  
π π π

= − − − −

ថ

រថ 5 3T cos cos cos
7 7 7
π π π

= − − − ថ

គគណា �ឹទំឹ មារនដឹថ2sin
7
π ថេគ្នថ៖ថ

5 32T sin 2cos sin 2cos sin 2cos sin
7 7 7 7 7 7 7
π π π π π π π
= − − − ថ

រៃររូៃនមថ2cosasinb sin(a b) sin(a b)= + − −  

5 32T sin 2cos sin 2cos sin 2cos sin
7 7 7 7 7 7 7

6 4 4 2 22Tsin ( sin sin ) (sin sin ) sin
7 7 7 7 7 7

62Tsin sin sin( ) sin
7 7 7 7

π π π π π π π
= − − −

π π π π π π
=− − − − −

π π π π
= − = − π − = −

ថ
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េគទថ
1T
2

= − ថនឲំ្ថ 3 1 7M
2 4 4

= + = ថ

រឹថ 5 3 5 3N 2sin sin 2sin sin 2sin sin
7 7 7 7 7 7
π π π π π π

= − − ថថ

   
2 8 4 6 2 4cos cos cos cos cos cos
7 7 7 7 7 7

6 8cos cos 2sin .sin( ) 0
7 7 7

π π π π π π
= − − + − +

π π π
= − = − π − =

ថ

េគ្នថ 2 7 7S M N 0
4 4

= + = + = ថេដថS 0> ថថ

េនថ
7S

2
= ថ។ថ

យូចេនថ 2 4 8 7S sin sin sin
7 7 7 2
π π π

= + + = ថថ។ 
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 ហំរត់ត៣៨ 

ចូរះររយប រគងថ 
3 n 2 n 1n n n8cos 4( 1) cos 4cos ( 1) 0 , n IN

7 7 7
+π π π

+ − − + − = ∀ ∈  

ដំីណា្្ 

េគ�នថថថ 4n 3nsin sin(n )
7 7
π π
= π −  

   

2 3 n

2 n 2

3 n 2

3

2n 2n 3n 3n2sin cos sin(n )cos sin cos(n )
7 7 7 7

n n n n n4sin cos ( 2cos 1 ) 0 (3sin 4sin ) ( 1)
7 7 7 7 7

n n n n n4sin cos (2cos 1 ) ( 1) .sin (3 4sin )
7 7 7 7 7
n n n8cos 4cos ( 1) . [ 3 4 ( 1 cos ) ]
7 7 7

n8cos 4cos
7

π π π π
= π − π

π π π π π
− = − − −

π π π π π
− = − − −

π π π
− = − − − −

π
− n 2 n

3 n 2 n 1

n n( 1) .4cos ( 1)
7 7

n n n8cos 4( 1) cos 4cos ( 1) 0
7 7 7

+

π π
= − − + −

π π π
+ − − + − = ថ

យូចេនថ 3 n 2 n 1n n n8cos 4( 1) cos 4cos ( 1) 0 , n IN
7 7 7

+π π π
+ − − + − = ∀ ∈ ថ 
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 ហំរត់ត៣៩ 

េគឲ្រេននៃថ

3 3 33 5S cos cos cos
7 7 7
π π π

= + +  និឹថ 4 4 43 5T cos cos cos
7 7 7
π π π

= + + ថថថ

រ.ចូរះរងរាចំនួន
3 5cos , cos , cos

7 7 7
π π π ជាកររកគកៃាី រថ

 3 2(E) : 8x 4x 4x 1 0− − + =   ។ថ

ខ.ទររាតៃមថ៖ថ

     

3 5M cos cos cos
7 7 7

3 3 5 5N cos cos cos cos cos cos
7 7 7 7 7 7

π π π
= + +

π π π π π π
= + +

ថ

និឹថ 3 5P cos cos cos
7 7 7
π π π

= ថ។ថ

គ.គណនថ 2 2 23 5Q cos cos cos
7 7 7
π π π

= + + ថ 

រចួទររាតៃមថS និឹ T ថ។ 
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ដំីណា្្ 

រ.ះរងរាចនួំនថ 3 5cos , cos , cos
7 7 7
π π π ថជាកររកគកៃាី រថ

 3 2(E) : 8x 4x 4x 1 0− − + =    

រឹថ n
2n 1x cos , n 1 , 2 , 3

7
−

= π = ថជាកៃាី រថ(E) ថេគ្នថ

3 2

2 2

2

(2n 1) (2n 1) (2n 1)8cos 4cos 4cos 1 0
7 7 7

(2n 1) (2n 1) (2n 1)4cos ( 2cos 1 ) 1 4 (1 sin ) 0
7 7 4

(2n 1) 2(2n 1) (2n 1)4cos cos ( 3 4sin ) 0
7 7 7

2(2n 1) 4(2n 1) (2nsin sin 3sin
7 74 . (2n 1) 2(2n 1)2sin 2sin
7 7

− π − π − π
− − + =

− π − π − π
− + − − =

− π − π − π
− − =

− π − π −

× −
− π − π

31) (2n 1)4sin
7 7 0(2n 1)sin

7
4(2n 1) 3(2n 1)sin sin

7 7 0 ( * )(2n 1) (2n 1)sin sin
7 7

π − π
−

=
− π

− π − π

− =
− π − π

េដថ (2n 1)n IN : sin 0
7
− π

∀ ∈ ≠  

ថ
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េទាគកៃាី រថ( * ) ថកៃៃូផថ៖ថ

4(2n 1) 3(2n 1)sin sin 0
7 7

(2n 1) (2n 1)2sin cos 0
7 2

− π − π
− =

− π − π
=

 

        0 0=  េា��ឹផ� ាគថ។ថ

យូចេនថ 3 5cos , cos , cos
7 7 7
π π π ថជាកររកគកៃាី រថ(E) ថ។ 

ខ.ទររាតៃមថM , N , P ថថ

កន�ាងថ 1 2 3
3 5x cos , x cos , x cos

7 7 7
π π π

= = = ថថ

រៃះឡដកមារឡែត្ាានគាមននរគឹកៃាី រថ 3 28x 4x 4x 1 0− − + = ថ

     

1 2 3

1 2 2 3 1 3

b 1M x x x
a 2

c 1N x x x x x x
a 2

= + + = − = +

= + + = = −
ថ

និឹថ 1 2 3
d 1P x x x
a 8

= = − = − ថ។ថ
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យូចេនថថ

     
3 5 1M cos cos cos

7 7 7 2
3 3 5 5 1N cos cos cos cos cos cos

7 7 7 7 7 7 2

π π π
= + + =

π π π π π π
= + + = −

ថ

និឹថថថ
3 5 1P cos cos cos

7 7 7 8
π π π

= = − ថថថ។ថ

គ.គណនថ 2 2 23 5Q cos cos cos
7 7 7
π π π

= + + ថថ

េឹ្នថ 2 2 2
1 2 3Q x x x= + +  

     
2

1 2 3 1 2 2 3 1 3

2

(x x x ) 2(x x x x x x )
1 1 5M 2N 2 ( )
4 2 4

= + + − + +

= − = − − =
ថ

យូចេនថ 2 2 23 5 5Q cos cos cos
7 7 7 4
π π π

= + + = ថ។ថ

ទររាតៃមថS ថនិឹថT ថ

េឹ្នថ 3 3 33 5S cos cos cos
7 7 7
π π π

= + + ថថ
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   ាថ 3 3 3
1 2 3S x x x= + + ថ

េដថ 1 2 3
3 5x cos , x cos , x cos

7 7 7
π π π

= = = ជាកររកគថ(E)  

េនេគ្នថថ

3 2
1 1 1

3 2
2 2 2

3 2
3 3 3

8x 4x 4x 1 0 (1)

8x 4x 4x 1 0 (2)

8x 4x 4x 1 0 (3)

 − − + =
 − − + =


− − + =

ថ

រូរកៃាី រថ(1) , (2) , (3) ថា �ឹនដឹា �ឹេគ្នថ៖ថ

3 3 3 2 2 2
1 2 3 1 2 3 1 2 38 ( x x x ) 4(x x x ) 4(x x x ) 3 0

8 S 4Q 4 M 3 0
+ + − + + − + + + =

− − + =
ថ

េគទថ

5 1
Q M 3 3 7 3 14 2S

2 8 2 8 8 8 2

++
= − = − = − = ថ

យូចេនថ 3 3 33 5 1S cos cos cos
7 7 7 2
π π π

= + + = ថ។ថ

ៃា្ េឡាថ 4 4 4 4 4 4
1 2 3

3 5T cos cos cos x x x
7 7 7
π π π

= + + = + + ថថ
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េដគគណកៃាី រថ(1) , (2) , (3) ថេរឹេ នដឹថ 1 2 3x , x , x ថ

េគ្នថថ

4 3 2
1 1 1 1

4 3 2
2 2 2 2

4 3 2
3 3 3 2

8x 4x 4x x 0 (1')

8x 4x 4x x 0 (2')

8x 4x 4x x 0 (3')

 − − + =
 − − + =


− − + =

ថ

រូរកៃាី រថ(1') , (2') , (3') ថា �ឹនដឹា �ឹេគ្នថ៖ថ

8 T 4 S 4 Q M 0− − + =    

េគទថ S Q M 7 1 3T
2 8 8 8 4
+

= − = − = ថ។ថ

យូចេនថ 4 4 43 5 3T cos cos cos
7 7 7 4
π π π

= + + = ថ។ 

 
ថ

 
 

ថ
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 ហំរត់ត៤០ 

ចូររង ង ថ៖ថ ថ

7 7 72 4 63cos x cos (x ) cos (x ) cos 3x
3 3 64
π π

+ + + + =    
ចំេពះគរគចំនួនមាិថ x ថ។ 
ដំីណា្្ 

7 7 72 4 63cos x cos (x ) cos (x ) cos 3x
3 3 64
π π

+ + + + =   

រឹថ n n n
n

2 4E (x) cos x cos (x ) cos (x ) (i)
3 3
π π

= + + + + ថ

រៃររូៃនមថ 3cos 3x 4cos x 3cos x= − ថថ

េគទថថ 3 3 1cos x cos x cos 3x
4 4

= + ថ

េដគគណា �ឹទំឹ មារនដឹថថ n 3cos x− ថថថថេគ្ន ថ៖ ថ

  n n 2 n 33 1cos x cos x cos 3xcos x (1)
4 4

− −= +  

ថ
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យូចេ ែយរេគទ្ន ថ៖ ថ

 n n 2 n 32 3 2 1 2cos (x ) cos (x ) cos 3xcos (x ) (2)
3 4 3 4 3

− −π π π
+ = + + +   

  n n 2 n 34 3 4 1 4cos (x ) cos (x ) cos 3xcos (x ) (3)
3 4 3 4 3

− −π π π
+ = + + +  

 េដររូកៃាី រថ(1); (2) ថនិឹថ(3) ថេគ្ន ថ៖ ថ

  n n 2 n 3
3 1E (x) E (x) cos 3xE (x) (ii)
4 4− −= + ថ

រៃថ(i) ថចំេពថn 0 ; n 1 , n 2= = = ថេគ្ន ថ៖ ថ

0

1

1

2 2 2
2

2 2
2

E (x) 3
2 4E (x) cos x cos(x ) cos(x )
3 3

1 3 1 3E (x) cos x cos x sin x cos x sin x 0
2 2 2 2

1 3 1 3E (x) cos x ( cos x sin x) ( cos x sin x)
2 2 2 2

3 3 3E (x) cos x sin x
2 2 2

=

π π
= + + + +

= − − − + =

= + − − + − +

= + =

ថ
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រៃថ(ii) ថចំេពថn 3 ; n 4 , n 5 ; n 7= = = = ថេគ្នថ

3 1 0

4 2 1

5 3 2

7 5 4

3 1 3E (x) E (x) cos 3xE (x) cos 3x
4 4 4
3 1 9E (x) E (x) cos 3xE (x)
4 4 8

1 9 3 15E (x) E (x) cos 3xE (x) cos 3x cos 3x cos 3x
4 4 16 8 16
3 1 45 9 63E (x) E (x) cos 3xE (x) cos 3x cos 3x cos 3x
4 4 64 32 64

= + =

= + =

3
= + = + =

= + = + =

ថ

យូចេនថថ 7 7 72 4 63cos x cos (x ) cos (x ) cos 3x
3 3 64
π π

+ + + + = ថថថ។ 
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 ហំរត់ត៤១ 

េគយដឹងថ cos x cos y cos z sin x sin y sin z a
cos(x y z) sin(x y z)
+ + + +

= =
+ + + +

ថថ

ចូរះរងថcos(x y) cos(y z) cos(z x) a+ + + + + =  

ដំីណា្្ 

ះរងថcos(x y) cos(y z) cos(z x) a+ + + + + = ថថ

រឹថ ix iy izu e , v e , w e= = = ថថេគ្ន៖

( ) ( )u v w cos x cos y cos z i sin x sin y sin z+ + = + + + + + ថ

េទថ i(x y z)uvw e cos(x y z) i sin(x y z)+ += = + + + + + ថ

េគ�នថថ cos x cos y cos z sin x sin y sin z a
cos(x y z) sin(x y z)
+ + + +

= =
+ + + +

ថ

នឲំ្ថថ (cos x cos y cos z) i(sin x sin y sin z) a
cos(x y z) i cos(x y z)
+ + + + +

=
+ + + + +
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i(y z) i(x z) i(x y)

u v w a
uvw

1 1 1 a
vw uw uv
e e e a− + − + − +

+ +
=

+ + =

+ + =

ថ

រៃកៃសមេនេគទ្នថ៖ថ

 cos(x y) cos(y z) cos(z x) a+ + + + + = ថ

និឹថsin(x y) sin(y z) sin(z x) 0+ + + + + = ថ

យូចេនថថcos(x y) cos(y z) cos(z x) a+ + + + + = ថថ។ 
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 ហំរត់ត៤២ 

ចូររំនាគះគរគាតៃមថx ថរគឹចេនម ថ]0; [
2
π ថេដយដឹងថ៖ថ

3 1 3 1 4 2
sin x cos x
− +

+ =  

ដំីណា្្ 

រំនាគះគរគាតៃមថx ថរគឹចេនម ថ]0; [
2
π

 

3 1 3 1 4 2 (1)
sin x cos x
− +

+ =   

េគមនិិា្ថsin sin
12 3 4
π π π = − 

 
 

             
sin cos sin cos

3 4 4 3
3 2 2 1 6 2. .

2 2 2 2 4

π π π π
= −

−
= − =

ថ

េទថថថcos cos
12 3 4
π π π = − 
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cos cos sin sin

3 4 3 2
1 2 3 2 6 2. .
2 2 2 2 4

π π π π
= +

+
= + =

ថ

កៃាី រថ(1) ថអចករេករេូជថ៖ថ

                           

3 1 3 1
2 2 2 2 2
sin x cos x
6 2 6 2

4 4 2
sin x cos x

sin cos
12 12 2

sin x cos x

sin cos x sin xcos 2sin xcos x
12 12

sin x sin 2x
12

− +

+ =

− +

+ =

π π

+ =

π π
+ =

π + = 
 

ថ

េដថ0 x
2
π

< < ថេនេគទថx
12
π

= ថាថ 11x
36
π

= ថ 

យូចេនថ 11x { ; }
12 36
π π

∈ ថថ។ 
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 ហំរត់ត៤៣ 

េដះរកៃាី រថ៖ថ

6 4 2 264x 112x 56x 7 2 1 x− + − = −  ។ថថ 

ដំីណា្្ 

6 4 2 264x 112x 56x 7 2 1 x (1)− + − = −   
ផរល�ខ�ណ័ថ 21 x 0− ≥ ថាថថx [ 1 , 1 ]∈ − ថ

េឹ�នថcos4a cos(a 3a)= + ថថថថថថថថថថថថ

                  

3 3

4 2 2 4

4 2 2 2 2

4 2

cosacos 3a sinasin 3a

cosa(4cos a 3cosa) sina(3sina 4sin a)

4cos a 3cos a 3sin a 4sin a

4cos a 4(1 cos a) 3(cos a sin a)

8cos a 8cos a 1

= −

= − − −

= − − +

= + − − +

= − +

 

          cos5a cos(a 4a)= +               
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4 2

5 3 2 2

5 3 2 3

5 3

cosacos4a sinasin4a

cosa(8cos a 8cos a 1) 2sinasin 2acos 2a

8cos a 8cos a cosa 4sin acosa(2cos a 1)

8cos a 8cos a cosa 4(1 cos a)(2cos a cosa)

16cos 20cos a 5cosa

= −

= − + −

= − + − −

= − + − − −

= − +

 

     
2 3 2

6 4 2

cos6a 2cos 3a 1 2(4cos a 3cosa) 1

32cos a 48cos a 18cos a 1

= − = − −

= − + −
 

     3 3

7 5 3

cos7a cos(6a a) cos6acosa sin6asina
cosacos6a 2sinasin 3acos 3a

cosacos6a 2sina(3sina 4sin a)(4cos a 3cosa)

64cos a 112cos a 56cos a 7cosa

= + = −
= −

= − − −

= − + −

ថ

រថx cos t= ថែយផថt [ 0 , ]∈ π ថកៃាី រថ(1) ករេករថ៖ថ

6 4 2 2

6 4 2

64cos t 112cos t 56cos t 7 2 1 cos t

64cos t 112cos t 56cos t 7 2sin t

− + − = −

− + − =
ថ

គគណា �ឹទំឹ មារនដឹថcos t 0≠ ថេគ្នថ៖ថ
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7 5 364cos t 112cos t 56cos t 7cos t 2sin t cos t
cos7t sin 2t

cos7t cos( 2t)
2

− + − =
=

π
= −

ថ

េគទថ
7t 2t 2k

2

7t 2t 2k ' , k;k ' Z
2

π = − + π


π = − + + π ∈

ថ

កៃៃូផថ
2kt

18 9
2k 't , k ; k ' Z

10 9

π π = +


π π = − + ∈

ថ

េដថt [ 0 , ]∈ π ថេគទកំណគំ ាតៃមថt ថយូចលឹេះីៃថ៖ថ

5 9 13 17 3 7t { ; ; ; ; ; ; }
18 18 18 18 18 10 10
π π π π π π π

∈  េដថcos t 0≠ ថេនថ

t
2
π

≠ យូចេនកៃាី រថ(1) �នកំណគំ ាកយូចលឹេះីៃថ៖ថ

5 13 17 3 7x { cos ;cos ;cos ;cos ;cos ;cos }
18 18 18 18 10 10
π π π π π π

∈  ថ
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 ហំរត់ត៤៤ 

េដះរកៃាី រថ៖ថ

6 2 3 2 3 2 3tan x (tan x 1) (tan x 2) (tan x 3)+ + + + = +      
ដំីណា្្ 

េដះរកៃាី រថ៖ថ

6 2 3 2 3 2 3tan x (tan x 1) (tan x 2) (tan x 3)+ + + + = + .  

ផរល�ខ�ណ័ថx k , k Z
2
π

≠ + π ∈ ថថ។ថថ

រឹថ 2t tan x , t 0= ≥ ថថកៃាី រករេករថ៖ថ

3 3 3 3

3 3 2 3 2 3 2

3 2 3 2

3

3

2

2

t (t 1) (t 2) (t 3)

t (t 3t 3t 1) (t 6t 12t 8) t 9t 27t 27

3t 9t 15t 9 t 9t 27t 27

2(t 6t 9) 0

(t 27) (6t 18) 0

(t 3)(t 3t 9) 6(t 3) 0

(t 3)(t 3t 3) 0

+ + + + = +

+ + + + + + + + = + + +

+ + + = + + +

− − =

− − − =

− + + − − =

− + + =

ថ
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េគទថt 3 0 t 3− = ⇒ = ថ 

ាថថ 2t 3t 3 0+ + = េ� នាកេះពថ 9 12 0∆ = − < ថ

ចំេពថt 3= ថេគ្នថថ 2tan x 3=  

     
2tan x 3 0

(tan x 3)(tan x 3) 0

− =

− + =
ថ

េគ្នថtan x 3 0− = ថាថtan x 3=  

នឲំ្ថx k , k Z
3
π

= + π ∈ ថ។ថ

េទថtan x 3 0+ = ថាថtan x 3= −  

នឲំ្ថx k , k Z
3
π

= − + π ∈ ។ 

 
ថ
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 ហំរត់ត៤៥ 

េដះរកៃាី រថ៖ថ

4sin (x ) cos (x ) 3 2 2
4 12
π π

+ + = +  

ដំីណា្្ 

េដះរកៃាី រថ៖ថ

4sin (x ) cos (x ) 3 2 2
4 12
π π

+ + = + ថ

រៃររូៃនមថ2sina cosb sin(a b) sin(a b)= + + − ថ

កៃាី រលឹេផអចករេករជរនមរន� រគលឹេះីៃថ៖ថ

2

2 sin(x x ) sin(x x ) 3 2 2
4 12 4 12

2 sin(2x ) sin (1 2)
3 6

2sin(2x ) 1 1 2
3

2sin(2x )
3 2

π π π π + + + + + − − = +  
π π + + = +  

π
+ + = +

π
+ =

ថ
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េគទថថ
2x 2k

3 4

2x 2k , k Z
3 4

π π + = + π


π π + = π − + π ∈

ថ

យូចេនថថ
5x k , x k ; k Z

24 24
π π

= − + π = + π ∈ ថថថ។ថ
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 ហំរត់ត៤៦ 

១.ចូរះររយប រគររូៃនមថ៖ថ

cos(n 1)x 2cos xcos(nx) cos(n 1)x , x IR , n IN+ = − − ∈ ∈ ថ

២.ានគតាមននថ៖ថចូរករេករថcos7x ជានគគៃននតនថcos x ។ថ

៣.េដះរកៃាី រថ៖ថ

 7 5 3128cos x 244cos x 112cos x 14cos x 1 0− + − − =   ។ 

ដំីណា្្ 

១.ះរងcos(n 1)x 2cos xcos(nx) cos(n 1)x+ = − − ថ

(n 1)x (n 1)x (n 1)x (n 1)xcos(n 1)x cos(n 1)x 2cos .cos
2 2

+ − − + + −
+ + − = ថ

កៃៃូផថថcos(n 1)x cos(n 1)x 2cos x.cos(nx)+ + − = ថ

យូចេនថ

cos(n 1)x 2cos xcos(nx) cos(n 1)x+ = − − ថ
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២. ានគតាមននថ៖ករេករថcos7x ជានគគៃននតនថcos x   

េគ�នថcos(n 1)x 2cos xcos(nx) cos(n 1)x+ = − − . 

េរថn 1= ថថ 2cos 2x 2cos x 1= − ថ

េរថn 2= ថថcos 3x 2cos xcos 2x cos x= −  

        ថថថថថថថថថថថថថថថថថ
2

3

2cos x(2cos x 1) cos x

4cos x 3cos x

= − −

= −
ថ

េរថn 3= ថថcos4x 2cos xcos 3x cos 2x= − ថថថថ

       ថថថថថថថថថថថថថថ 
3 2

4 2

2cos x(4cos x 3cos x) (2cos x 1)

8cos x 8cos x 1

= − − −

= − +
ថ

េរថn 4= ថថcos5x 2cos xcos4x cos 3x= − ថថថថថថថ

       
4 2 3

5 3

2cos x(8cos x 8cos x 1) (4cos x 3cos x)

16cos x 20cos x 5cos x

= − + − −

= − +
ថ
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េរថn 5= ថថcos6x 2cos xcos5x cos4x= − ថថថថថថថថថថថ
5 3 4 2

6 4 2

2cos x(16cos x 20cos x 5cos x) (8cos x 8cos x 1)

32cos x 48cos x 18cos x 1

= − + − − +

= − + −
ថ

េរថn 6= ថថcos7x 2cos xcos6x cos5x= − ថ

យូចេនថថ 7 5 3cos7x 64cos x 112cos x 56cos x 7cos x= − + − .  

៣. េដះរកៃាី រថ៖ថ

7 5 3128cos x 244cos x 112cos x 14cos x 1 0 (1)− + − − =   
ែចរា �ឹទំឹ មារតនកៃាី រថ(1) ថនដឹថ2 ថេគ្នថ៖ថ

7 5 3 164cos x 112cos x 56cos x 7cos x 0
2

1cos7x
2

− + − − =

=
 

េគទ្នថ7x 2k
3
π

= ± + π ថាថថ 2kx , k Z
21 7
π π

= ± + ∈  

យូចេនថ 2k 2k 'x , x ; k;k ' Z
21 7 21 7
π π π π

= + = − + ∈ ថថ។ 
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 ហំរត់ត៤៧ 

រ.ចូរគណនាតៃមះ្រយតនថtan
8
π ថថថ

ខ.ចូរេដះរកៃាី រថ 

ថថថ 2 2sin x 2 sin x.cos x ( 2 1) cos x 0− + − = ថថ

គ.ចូរេដះរកៃាី រថ tan x 2 1 1
1 ( 2 1) tan x 3

+ −
=

− −
ថថថ 

ដំីណា្្ 

រ.គណនាតៃមះ្រយតនថtan
8
π ថថថ

រៃររូៃនមថ 2
2tanatan 2a

1 tan a
=

−
ថថថេដរាតៃមថa

8
π

=  

េគ្នថ
2

2tan
8tan

4 1 tan
8

π
π
=

π
−
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2

2tan
81

1 tan
8

π

=
π

−
  នឲំ្ថថ 2tan 2tan 1 0

8 8
π π

+ − =  

រឹថt tan
8
π

= ថថែយផថt 0>  

េគ្នថ 2t 2t 1 0 ; ' 1 1 2+ − = ∆ = + = ថថ

េគទាកថ 1 2t 1 2 , t 1 2 0= − + = − − < (ៃនិរ) 

យូចេនថថ tan 2 1
8
π
= − ថថ។ថ

ខ. េដះរកៃាី រថ៖ 

ថថថថថ 2 2sin x 2 sin x.cos x ( 2 1) cos x 0− + − = ថថ

ែចរា �ឹទំឹ មារនដឹ ថ 2cos x 0≠ ថេគ្នកៃាី រថ៖ថ

2tan x 2 tan x ( 2 1) 0− + − =  . 
រឹថt tan x= ថេគ្នថ៖ថ

2t 2 t ( 2 1) 0− + − =   េដថa b c 0+ + =  
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េគទាកថ 1 2t 1 ; t 2 1= = − ថ។ថ

-ចំេពថt 1= ថេគ្នថtan x 1= ថនឲំ្ថx k , k Z
4
π

= + π ∈  

-ចំេពថt 2 1= − ថេគ្នថtan x 2 1= − ថថ

នឲំ្ថx k , k Z
8
π

= + π ∈  

យូចេនថថx k , x k , k Z
4 8
π π

= + π = + π ∈ ថថ។ថ

គ. េដះរកៃាី រថ៖ថ

        
tan x 2 1 1

1 ( 2 1) tan x 3
+ −

=
− −

   េដថtan 2 1
8
π
= − ថេគ្នថថ

    
tan x tan 38

31 tan x.tan
8

tan(x ) tan
8 6

π
+

=
π

−

π π
+ =

 

 េគទថx k
8 6
π π

+ = + π ថាថx k , k Z
24
π

= + π ∈ ថថ 
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 ហំរត់ត៤៨ 

រ.ចូរគណនាតៃមះ្រយតនថcos
12
π ថនិឹថ

7cos
12
π ថ

ខ.ចូរេដះរះរម�នបកៃាី រថ៖ 

ថថថ

3 2

2 3

2 3 6cos x 3cos xcos y
8

2 3 63cos xcos y cos y
8

 +
+ =


− + =

ថ 

ដំីណា្្ 

រ.គណនាតៃមះ្រយតនថcos
12
π ថនិឹថ

7cos
12
π  

េឹ្នថcos cos( )
12 3 4
π π π
= −  

      ថថថថថថថថថថថថថ  
cos cos sin sin

3 4 3 4
1 2 3 2 2 6. .
2 2 2 2 4

π π π π
= +

+
= + =
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េទថ 7cos cos( )
12 3 4
π π π
= +  

     ថថថថថថថថថថ  
cos cos sin sin

3 4 3 4
1 2 3 2 2 6. .
2 2 2 2 4

π π π π
= −

−
= − =

 

 យូចេនថថ 2 6 7 2 6cos , cos
12 4 12 4
π + π −
= = ថថ។ថ

ខ. េដះរះរម�នបកៃាី រ៖ថ

ថថ  
3 2

2 3

2 3 6cos x 3cos xcos y (1)
8

2 3 63cos xcos y cos y (2)
8

 +
+ =


− + =

ថ

ថថថរូរកៃាី រថ(1) ថនិឹថ(2) ថា �ឹនិឹា �ឹេគ្នថ៖ថ

ថថថ

3 2 2 3

3 3

2 2cos x 3cos xcos y 3cos xcos y cos y
8
2( cos x cos y ) ( )

2
2cos x cos y (3)

2

+ + + =

+ =

+ =
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 យរកៃាី រថ(1) ថនិឹថ(2) ថា �ឹនិឹា �ឹេគ្នថ៖ថ

 

3 2 2 3

3 3

6 6cos x 3cos xcos y 3cos xcos y cos y
8
6( cos x cos y ) ( )

2
6cos x cos y (4)

2

− + − =

− =

− =

 

 រូរកៃាី រថ(3) ថនិឹថ(4) ថា �ឹនិឹា �ឹេគ្នថ៖ថ

 
2 62cos x

2
2 6cos x

4

+
=

+
=

  

    cos x cos
12
π

=   នឲំ្ថថx 2k , k Z
12
π

= ± + π ∈ ថថ

 យរកៃាី រថ(3) ថនិឹថ(4) ថា �ឹនិឹា �ឹេគ្នថ៖ថ

  
2 62cos y

2
2 6cos y

4

−
=

−
=
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  7cos y cos
12
π

=   នឲំ្ថថ 7y 2k , k Z
12
π

= ± + π ∈ ថថ

យូចេនថx 2k , k Z
12
π

= ± + π ∈ ថនិឹថ
7y 2k , k Z
12
π

= ± + π ∈ ថថថ
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 ហំរត់ត៤៩ 

រ.ចូរះររយប រគងថ 6 6 5 3sin x cos x cos4x
8 8

+ = + ថ

ខ.ចូរេដះរកៃាី រថ 3 3 2 313 1(sin x cos x) sin 2x
16 4

+ = + ថ 

ដំីណា្្ 

រ.ះររយប រគងថ 6 6 5 3sin x cos x cos4x
8 8

+ = + ថថ

េឹ�នថ 2 2sin x cos x 1 ; x IN+ = ∀ ∈  

 

2 2 3

6 4 2 2 4 6

6 6 2 2 2 2

6 6 2 2

6 6 2

6 6

6 6

( sin x cos x ) 1

sin x 3sin xcos x 3sin xcos x cos x 1

sin x cos x 3sin xcos x ( sin x cos x) 1

sin x cos x 3sin xcos x 1
3sin x cos x sin 2x 1
4
3 1 cos4xsin x cos x ( ) 1
4 2

3 3 5 3sin x cos x 1 cos4x cos4x
8 8 8 8

+ =

+ + + =

+ + + =

+ + =

+ + =

−
+ + =

+ = − + = +
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ខ.េដះរកៃាី រថ 3 3 2 313 1(sin x cos x) sin 2x
16 4

+ = + ថថ

េឹ្នថ 6 3 3 6 3 313sin x 2sin xcos x cos x 2sin xcos x
16

+ + = + ថថ

ថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថថ

5 3 13cos4x
8 4 16
+ =   ាថ 1cos4x

2
= ថ

េគទថ4x 2k
3
π

= ± + π ថថាថថ kx , k Z
12 2
π π

= ± + ∈ ថ។ថ

 

 

 

 

 

 

ថ
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 ហំរត់ត៥០ 

េគ�នកៃាី រយរេះរឡាមារថ៖ថ

2 1 2(E) : x ( 2) x 1 0
cos 3

+ − + − =
φ

     

ែយផថ0 2
π

≤ φ < ថថ។ថ

េគឧរ�ងកៃាី រថ(E) ថ�នាកមារែយផរឹេដថtana ថថ

និឹថtanb ថ។ថ

រ. រំនាគាតៃមថφ ថេយៃបាឲ្ថa b
4
π

+ = ថ។ថ

ខ. េដះរកៃាី រថ(E) ចំេពាតៃមថφ ែយផ្នររេេថ

គ. េះរផឡបាផលឹេផចូរទររាតៃមះ្រយតនtan
12
π ។ថ
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ដំីណា្្ 

រ. រំនាគាតៃមថφ ថេយៃបាឲ្ថa b
4
π

+ = ថ

េដថtana និឹថtanb ជាកររកគថ(E) េនេគ�នឡំនរគឡនំឹថ

1tana tanb 2 (1)
cos

+ = −
φ

  

និឹថថ
2tana tanb 1 (2)
3

= − ថ

រៃររូៃនមថ tana tanbtan(a b) (3)
1 tana tanb

+
+ =

−
ថ

រឡំនរគឡនំឹថ(1) ថនិឹថ(2) ថិំនួករគឹថ(3) ថេគ្នថ៖ថ

12
3 (2cos 1)costan(a b) 2 (2 3 2)cos1 ( 1)

3

−
φ −φ+ = =

− φ− −
  

េដថa b
4
π

+ = ថ
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េគទ្នថថ 3(2cos 1) 1
(2 3 2)cos

φ −
=

− φ
 

           2 3 cos 3 2 3 cos 2cos

3cos
2

φ − = φ − φ

φ =
ថ

េដថថ0
2
π

≤ φ < ថថយូចេនេគទថ
6
π

φ = ថថ។ថ

ខ. េដះរកៃាី រថ(E) ៖ថ

េរថ 6
π

φ = េនថ(E) 2 2 2x ( 2) x 1 0
3 3

+ − + − =  

2

2

2 2( 2) 4( 1)
3 3

4(7 4 3) 4(2 3)
3 3

∆ = − − −

− −
∆ = =

ថ

េគទាកថ
1

2

1 2 4 2 3 1x ( 2 )
2 3 3 3
1 2 4 2 3x ( 2 ) 2 3
2 3 3

 −
= − + + =


 −

= − + − = −


ថ

យូចេនថថ 1 2
1x , x 2 3
3

= = − ថថ។ថ
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គ. េះរផឡបាផលឹេផទររាតៃមះ្រយតនថtan
12
π ថ

រៃកះ�លឹេផេគ�នថ 1 2
1x , x 2 3
3

= = − ថថថ

េគទថ
1tana
3

= ថនិឹថtanb 2 3= − ថ

េដថ
1tana
3

= ថនឲំ្ថa
6
π

= ថេទថa b
4
π

+ = ថថ

នឲំ្ថb a
4 4 3 12
π π π π

= − = − =  

យូចេនថថtan 2 3
12
π
= − ថថ។ 
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 ហំរត់ត៥១ 

េគឲ្ែខខេីឹថ

2(P) : y f (x) x sin 2(1 sin )x 5 sin= = φ − + φ + − φ   
ែយផថ0 < φ < π ថ។ថ

រំនាគាតៃមថφ ថេយៃបាឲ្ែខខេីឹថ(P) ក�ិាេេេផារខ�ថ

អរគកគាកជនិចិថ។ 

ដំីណា្្ 

រំនាគាតៃមថφ ថថ

េគ�នថថ

2(P) : y f (x) x sin 2(1 sin )x 5 sin= = φ − + φ + − φ ថ

េយៃបាឲ្(P) ក�ិាេេេផារខ�អរគកគាកជនិចិផគះរែាថថ

f (x) 0 , x IR> ∀ ∈ ថ
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េពផគរេគះាតតឲ្ថ
fa 0
' 0
>


∆ <

ថ

េគ�នថ fa sin 0 ; ] 0 ; [= φ > ∀φ∈ π ថ

េទថ 2' (1 sin ) sin (5 sin )∆ = + φ − φ − φ  

      

2 2

2

' 1 2sin sin 5sin sin

' 2sin 3sin 1
' (2sin 1)(sin 1)

∆ = + φ + φ − φ + φ

∆ = φ − φ +
∆ = φ − φ −

ថ

េរថ ' 0∆ < ថកៃៃផូថថ 1 sin 1
2
< φ < ថេដថ0 < φ < π ថ

េគទ្នថ 6 2
π π

< φ < ថថ។ថ

យូចេនេយៃបាឲ្ែខខេីឹថ(P) ក�ិាេេេផារខ�អរគកគាកថ

ជនិចិផគះរែាេគឲ្ផ�រលខ�ណ័ថថ
6 2
π π

< φ < ថថ។ថថ

ថ
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 ហំរត់ត៥២ 

េគឲ្កៃាី រយរេះរឡាមារថ 2 2(E) : x (m m) x m 2 0− − − + = ថថ

េគកន�ាងកៃាី រេន�នាកមាររឹេរឹេ េដថtana ថថ

និឹថtanb ថ។ថ

រ.ចូររំនាគាតៃមតន ា្ ា៉ ែៃាះាថm ថេយៃបាឲ្ថa b
3
π

+ = ថ។ថ

ខ.ចូរេដះរកៃាី រលឹេផចំេពថm ែយផ្នររេេថ។ថ

គ.េដេះរផឡបាផលឹេផចូរទររាតៃមះ្រយតនថtan
12
π ថ។ 

ដំីណា្្ 

រ.រំនាគាតៃមតន ា្ ា៉ ែៃាះាថm ថេយៃបាឲ្ថa b
3
π

+ = ថ៖ថ

កៃាី រ�នាកីផនថ 2 2(m m) 4m 8 0∆ = − + − ≥  

េដថtana ថនិឹថtanb ថជាកររកគកៃាី រេនថ
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រៃះឡដកមារឡែត្ាេគ�នថ
2tana tanb m m (1)

tana .tanb m 2 (2)

 + = −


= − +
 

េដថ tana tanbtan(a b)
1 tana.tanb

+
+ =

−
 

    ថថថថថថថថថ 
tana tanbtan

3 1 tana.tanb
tana tanb3 (3)

1 tana.tanb

π +
=

−
+

=
−

 

រឡំនរគឡនំឹថ(1) ថនិឹថ(2) ថិួករគឹកៃាី រថ(3) ថថ

េគ្នថ៖ថ

 
2m m3

1 m 2
−

=
+ −

  ាថ 2m (1 3) m 3 0− + + =  

េដថa b c 0+ + = ថេគទាកថ 1 2m 1 , m 3= =  

-ចំេពថm 1= ថេនថ 2 2(1 1) 4.1 9 4 0∆ = − + − = − < ថ( ៃនិរថ) 

-ចំេពថm 3= ថេនថ 2(3 3) 4 3 8 4 2 3 0∆ = − + − = − >  

យូចេនថm 3= ថថ។ថ
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ខ.េដះរកៃាី រលឹេផចំេពថm ែយផ្នររេេថ៖ថ

ចំេពថm 3= ថេគ្នថ៖ថ 2x (3 3)x 3 2 0− − − + =  

េដថa b c 0+ + = ថេគទាកថ 1 2x 1 , x 2 3= = − ថ។ 

គ.ទររាតៃមះ្រយតនថtan
12
π

ថ៖ថ

រៃផឡបាផលឹេផេគ�នថ 1x tana 1= = ថនឲំ្ថa
4
π

=  

េទថa b
3
π

+ = ថេនថb
3 4 12
π π π

= − =  

េទាគេនថ 2x tanb tan 2 3
12
π

= = = −  

យូចេនថថtan 2 3
12
π
= − ថ។ 
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 ហំរត់ត៥៣ 

េគឲ្កៃាី រថ 3 2(E) : x (2m 3)x 5x 3m 2 0− + + − + = ថ

ឧរ�ងកៃាី រេន�នារារឹេដថtan , tan , tanα β γ ថ។ថ

រ.ចូរគណនថ sin( )A
cos cos cos

α + β + γ
=

α β γ
ថថជានគគៃននតនថm ថ។ថ

ខ.រំនាគថm ថេយៃបាឲ្ថA 4= ថ។ថ

គ.េដះរកៃាី រថ(E) ចំេពាតៃមថm ែយផ្នររេេលឹេផថ 

ដំីណា្្ 

រ. គណនថ sin( )A
cos cos cos

α + β + γ
=

α β γ
ថថជានគគៃននតនថm ថ

េឹ�ន sin[ ( )]A
cos cos cos

α + β + γ
=

α β γ
ថថថថថ
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sin cos( ) sin( )cos
cos cos cos

sin cos cos sin sin sin sin cos cos sin cos cos
cos cos cos

tan tan tan tan tan tan
tan tan tan tan tan tan

α β + γ + β + γ α
=

α β γ
α β γ − α β γ + β γ α + γ β α

=
α β γ

= α − α β γ + β + γ
= α + β + γ − α β γ

ថ

េដtan , tan , tanα β γ ជាកកៃាី រថ(E) រៃះឡដកមារឡែត្ាថ

េឹ�នថថ
tan tan tan 2m 3
tan tan tan tan tan tan 5
tan tan tan 3m 2

α + β + γ = +
 α β + β γ + γ α =
 α β γ = −

ថ

េឹ្នថA 2m 3 (3m 2) m 5= + − − = − + ថ

យូចេនថថA m 5= − + ថថ។ថ

ខ.រំនាគថm ថេយៃបាឲ្ថA 4=  

 េដេឹ�នថA m 5= − +  

េឹ្នថ m 5 4− + = ថថនឲំ្ថm 1= ថ។ថ
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គ. េដះរកៃាី រថ(E) ថ៖ថ

ចំេពថm 1= ថេគ្នថ 3 2(E): x 5x 5x 1 0− + − =  

េដថ 3 2 2x 5x 5x 1 (x 1)(x 4x 1)− + − = − − +  

េគទថ 2(x 1)(x 4x 1) 0− − + = ថាថថ 2

x 1

x 4x 1 0

=


− + =
 

' 4 1 3∆ = − =   េគទថ 1 2x 2 3 , x 2 3= − = +  

យូចេនកំណគំ ាកកៃាី រថx { 2 3 ; 1 , 2 3 }∈ − + ថថ។ 

 

 

 

 

 

 

 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 142 

 

 ហំរត់ត៥៤ 

េគឲ្កៃាី រថ 3 3(E) : cos xcos 3x sin xsin 3x m+ = ថ

រ.ចូរេដះរកៃាី រេនីផនថ 3 3m
8

= ថថ

ខ.ររផរល�ខ�ណ័កះ�រគថm ថេយៃបាឲ្កៃាី រេន�នាកថ។ 

ដំីណា្្ 

រ.េដះរកៃាី រេនីផនថ 3 3m
8

= ថថ

េឹ�នថ 3sin 3x 3sin x 4sin x= − ថនឲំ្ថថ

3 1sin x (3sin x sin 3x)
4

= − ថ

េទថថថ 3cos 3x 4cos x 3cos x= − ថថ

នឲំ្ថ 3 1cos x (3cos x cos 3x)
4

= + ថ

កៃាី រថ(E) ថអចករករថ៖ថ
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2 2

2 2

3

3

1 1(3cos x cos 3x)cos 3x (3sin x sin 3x)sin 3x m
4 4

3cos xcos 3x cos 3x 3sin xsin 3x sin 3x 4m

3(cos 3xcos x sin 3xsin x) (cos 3x sin 3x) 4m
3cos 2x cos6x 4m

4cos 2x 4m

cos 2x m

+ + − =

+ + − =

+ + − =
+ =

=

=

ថ

េដថ 3 3m
8

= ថេគ្នថ 3cos 2x
2

= ថថ

នឲំ្ថx k ,k Z
12
π

= ± + π ∈ ថ

ខ. ររផរល�ខ�ណ័កះ�រគថm ថ៖ថ

េយៃបាឲ្កៃាី រេន�នាកេគះេនគែាឲ្ថ 31 m 1− ≤ ≤ ថថ

ាថ [ ]m 1 , 1∈ − ថ។ 
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 ហំរត់ត៥៥ 

េដះរកៃាី រថ៖ថ

2 3
2 2log (sin x) log (2sin x) 0+ =  

ដំីណា្្ 

េដះរកៃាី រថ៖ថ

2 3
2 2log (sin x) log (2sin x) 0+ = ថ

ផរល�ខណ័� ថថsin x 0> ថនឲំ្ថថ2k x 2k , k Zπ < < π + π ∈ ថ

កៃាី រអចករេករថ៖ថ

2 3
2 2 2

2
2 2

log (sin x) log (sin x) log 2 0

log (sin x) 3log (sin x) 2 0

+ + =

+ + =
ថ

រឹថ 2t log (sin x)= ថេគ្នកៃាី រថ 2t 3t 2 0+ + = ថ

េដថb a c= + ថេគទាកថ 1 2t 1 , t 2= − = −  
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-ចំេពថt 1= − េគ្នថ 2log (sin x) 1= − ថ

កៃៃូផថថ 1sin x
2

= ថថ

នឲំ្ថ
x 2k

4
3x 2k 2k , k Z

4 4

π = + π


π π = π − + π = + π ∈

 

-ចំេពថt 2= − ថេគ្នថ 2log (sin x) 2= − ថ

កៃៃូផថថ 1sin x
2

= ថថ

នឲំ្ថ
x 2k

6
5x 2k 2k , k Z

6 6

π = + π


π π = π − + π = + π ∈
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 ហំរត់ត៥៦ 

េគឲ្កសីាាតនចំនួនមាិថ n(U ) រំនាគេផថIN ថេដថ៖ថ

0
2U

2
=  និឹថ

2
n

n 1
1 1 U

U , n IN
2+

− −
= ∀ ∈ ថ

គណនថ nU ថជានគគៃននតនថn ថ។ 

ដំីណា្្ 

គណនថ nU ថជានគគៃននតនថn ថ៖ថ

េឹ�នថ 0
2U sin

2 4
π

= =  

    
22

0
1

1 1 sin1 1 U 4U sin
2 2 8

π
− −− − π

= = = ថ

ឧរ�ងរមាិយផគាួឡាថp ថគរថ p p 2U sin
2 +
π

= ថថថ

េឹនដឹះរងរមាិយផគាួឡាថ(p 1)+ ថគរថ p 1 p 3U sin
2+ +
π

= ថមិាថ
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េឹ�នថ
2

p
p 1

1 1 U
U

2+
− −

= ថ 

ែារៃីរឧរ�ថ p p 2U sin
2 +
π

= ថថថ

េឹ្នថ

2
p 2

p 1

1 1 sin
2U

2

+
+

π
− −

= ថថ

     ថថថថថថថថថថថថថថថ 

2
p 2 p 3

p 3

1 cos 2sin
2 2

2 2

sin
2

+ +

+

π π
−

= =

π
=

 ថ

យូចេនថថ n n 2U sin
2 +
π

= ថថ។ 
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 ហំរត់ត៥៧ 

េគឲ្ថ 0a 2 3 6= + + ថនិឹថ
2

n
n 1

n

a 5a
2(a 2)+

−
=

+
ថ

ចំេពះគរគថn 0≥ ថ។ 

ចូរះរងថ
n 3

n
2a cot 2

3

− π
= −  

 
ថថចំេពះគរគថn IN∈ ។ 

ដំីណា្្ 

ះរងថ
n 3

n
2a cot 2

3

− π
= −  

 
ថថ 

ចំេពថn 0= ថេគ្នថ 0a cot 2
24
π

= −  

2cos 2cos 1 cos
24 24 12cot

24 sin 2sin cos sin
24 24 24 12

6 21 cos( ) 1 4 6 23 4 4
6 2 6 2sin( )

3 4 4

π π π
+π

= = =
π π π π

π π +
+ − + + +

= = =
π π − −−
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24( 6 2) ( 6 2)cot
24 4

4( 6 2) 8 4 3
4

2 2 3 6

π + + +
=

+ + +
=

= + + +

ថ

េគទថ 0a 2 3 6= + + ថ

េទាគេនថ
n 3

n
2a cot 2

3

− π
= −  

 
ថថមាិចំេពថn 0= ថ។ថ

កន�ាងរមាិយផគាួឡាថk ថគរថ
k 3

k
2a cot 2

3

− π
= −  

 
ថថមាិថ

េឹនដឹះរងរមាិយផគាួឡាថk 1+ ថគរថ៖ថ

k 2

k 1
2a cot 2

3

−

+
 π

= −  
 

 មាិថ។ថ

េឹ�នថ
2

k
k 1

k

a 5a
2(a 2)+

−
=

+
ថេដ

k 3

k
2a cot 2

3

− π
= −  

 
ថថថ
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េនថ

2k 3

k 1 k 3

2cot 2 5
3

a
22cot

3

−

+ −

  π
− −      =

 π
  
 

 

    

k 3 k 3
2

k 1 k 3

k 3
2

k 3

2 2cot 4cot 1
3 3

a
22cot

3

2cot 1
3

2
22cot

2

− −

+ −

−

−

   π π
− −      

   =
 π
  
 

 π
−  

 = −
 π
  
 

ថ

េដេះរររូៃនមថ
2cot a 1cot 2a

2cot a
−

= ថ

េគ្នថ
k 2

k 1
2a cot 2

3

−

+
 π

= −  
 

ថថមាិថ។ថ

យូចេនថ
n 3

n
2a cot 2

3

− π
= −  

 
ថថថ។ 
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 ហំរត់ត៥៨ 

េគឲ្ថ
2 3 42 2cos , 2 2 2cos , 2 2 2 2cos

2 2 2
π π π

= + = + + = ថថ

មាឧទទរណន លឹេផចូរររររូៃនមឡូេូថនិឹថះររយប រគថ

ររូៃនមេនាឹថ។ 

ដំីណា្្ 

ររររូៃនមឡូេូថថ៖ថ

េគ�នថ 2 32 2cos , 2 2 2cos ,
2 2
π π

= + = ថថ

     42 2 2 2cos
2
π

+ + = ថ

រៃផំនឧំទទរណន េឹអចទររររូៃនមឡូេូយូចលឹេះីៃថ៖ថ

n 1
( n )

2 2 2 ......... 2 2cos
2 +
π

+ + + + =


  ។ថ

ះររយប រគររូៃនមេនថ៖ថ
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េឹរឹ n
( n )

A 2 2 2 ...... 2= + + + +


ថថះគរគថn IN∈ ថ

េឹ�នថ 1 2A 2 2cos
2
π

= = ថមាិថ

េឹឧរ�ងរមាិយផគាួឡាថp ថគរថ៖ថ

p p 1
( p )

A 2 2 2 ...... 2 2cos
2 +
π

= + + + + =


 មាិថ

េឹនដឹះរងរមាិយផគាួឡាថp 1+ ថគរថ p 1 p 2A 2cos
2+ +
π

= ថមិាថ

េឹ�នថ p 1 pA 2 A+ = + ថថថ 

េដរៃីរឧរ�ថ p p 1A 2cos
2 +
π

= ថ

េឹ្នថ 2
p 1 p 1 p 2 p 2A 2 2cos 4cos 2cos

2 2 2+ + + +
π π π

= + = = ថមាិថ

យូចេនថ n 1
( n )

2 2 2 ......... 2 2cos
2 +
π

+ + + + =


ថថ។ 
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 ហំរត់ត៥៩ 

េគឲ្កសីាាតនចំនួនមាិ n(U ) រំនាគេដ
n

n
nU 2 .sin
4
π

= ថថ

ែយផថn IN∈ ថ។ថ

រ-ចូររង ងថថ (n 1) n n2.cos cos sin
4 4 4
+ π π π

= − ថថថ

ខ-ទឲ្្នងថ n n 1
n

n (n 1)U ( 2) cos ( 2) cos
4 4

+π + π
= − ថថថ

គ-គណនាផររូថ៖ថ

n 1 2 3 nS U U U ......... U= + + + + ជានគគៃននតនថn ថ។ 

ដំីណា្្ 

រ-ចូររង ងថថ (n 1) n n2.cos cos sin
4 4 4
+ π π π

= − ថថថ

រៃររូៃនមថថcos(a b) cosacosb sinasinb+ = − ថថថ
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(n 1) n2 cos 2 cos( )
4 4 4

n n2(cos cos i sin sin )
4 4 4 4

+ π π π
= +

π π π π
= −

 

 (n 1) 2 n 2 n n n2 cos 2( cos sin ) cos sin
4 2 4 2 4 4 4
+ π π π π π

= − = − ថ

យូចេនថ (n 1) n n2.cos cos sin
4 4 4
+ π π π

= − ថថ។ថ

ខ-ទឲ្្នងថ n n 1
n

n (n 1)U ( 2) cos ( 2) cos
4 4

+π + π
= − ថថ

េឹ�នថ (n 1) n n2.cos cos sin
4 4 4
+ π π π

= − ថថថ

នឲំ្ថ n n (n 1)sin cos 2 cos
4 4 4
π π + π
= − ថ

គគណា �ឹទំឹ មារនដឹថ n( 2) ថ

េគ្នថ n n n 1n n (n 1)( 2) sin ( 2) cos ( 2) cos
4 4 4

+π π + π
= − ថ

យូចេនថ n n 1
n

n (n 1)U ( 2) cos ( 2) cos
4 4

+π + π
= − ថថ។ថ
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គ-គណនាផររូថ n 1 2 3 nS U U U ......... U= + + + + ថថ

េឹ្នថថ 

  

n
k k 1

n
k 1

n 1

k (k 1)S ( 2) cos ( 2) cos
4 4

(n 1)2 cos ( 2) cos
4 4

+

=

+

π + π = −  

π + π
= −

∑
ថ

យូចេនថថថ n 1
n

(n 1)S 1 ( 2) cos
4

+ + π
= − ថថថ។ 
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 ហំរត់ត៦០ 

េគ�នានគគៃននេផខថf ថរំនាគមាកំណគំ ថIN ថេូកំណគំ ថIR ថ

េដថf (0) 0= ថនិឹថ n 2f (n 1) 2f (n) tan
2 +
π

+ = + ថថថ

ចូររំនាគររថf (n) ថ?ថ

ដំីណា្្ 

រំនាគររថ )n(f ថ

េគ�នថ 2n2
t a)n(f2)1n(f +

π
+=+ ថថថ

ែចរា �ឹទំឹ មារនដឹ ថ n2 ថេគ្នថ

( )1
2

t a n
2
1)n(f

2
1)n(f

2
1

2nn1nn +−
π

+= ថ

េគ�នថ atac o
2

at a nac o tat a n
at a n2

at a n1
at a n2a2t a n 22 −

=
−

=
−

= ថ

េគទថ a2c o2ac o tat a n −= ថថថេដរថ 2n2
a +

π
= ថ
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េគ្នថ ( )2
2

c o2
2

c o t
2

t a n 1n2n2n +++
π

−
π

=
π

ថ

រថ(២)ថិួករគឹថ(១)ថេគ្នថថ

1n1n2nn1nn 2
c

2
1

2
c o t

2
1)n(f

2
1)1n(f

2
1

+−+−
π

−
π

=−+ ថថថ

]
2

c
2

1
2

c o t
2
1[) ]k(f

2
1)1k(f

2
1[ 1k1k2kk

1n

0k
1kk

1n

0k
+−+

−

=
−

−

=

π
−

π
=−+ ∑∑ ថថ

1n1n1n1n 2
c)n(f

2
c o t

2
1)0(f2)n(f

2
1

++−−
π

=⇒
π

=− ថ

យូចេនថ n 1f (n) cot
2 +
π

= ថថ។ថ

ថ

 

 

 

 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 158 

 

 ហំរត់ត៦១ 

េគឲ្កសីាាតនចំនួនមាិថ n(U ) រំនាគេផថn  េដ៖ថ

0U 1=  និឹថ n 1 nn IN : U U cosa sina+∀ ∈ = + ថ 

ែយផថ0 a
2
π

< < ថ។ថ

រ.រឹថ n n
aV U cot
2

= − ថ។ថរង ងថ n(V ) ជកសីាាតរណា �ះា។ថ

ខ.គណនផាៃាាថ 0 1 nn
lim (V V .... V )
→+∞

+ + + ថនិឹថ nn
lim U
→+∞

ថថ។ 

ដំីណា្្ 

រ. រង ងថ n(V ) ជកសីាាតរណា �ះាៃួ៖ថ

�នថ n n
aV U cot
2

= − ថនឲំ្ថ n 1 n 1
aV U cot
2+ += − ថថ

ែាថ n 1 nU U cosa sina+ = + ថ

េគ្នថ n 1 n
aV U cosa sina cot
2+ = + −  
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n

n

n

2 2
n

n n

n

a a aU cosa 2sin cos cot
2 2 2

a a a aU cosa cot (2sin cos tan 1)
2 2 2 2

asina a a 2U cosa cot (2sin cos 1)a2 2 2 cos
2

a a aU cosa cot (2sin 1) ; cosa 1 2sin
2 2 2
a aU cosa cot cosa (U cot )cosa
2 2

V cosa

= + −

= + −

= + −

= + − = −

= − = −

=
ថ

េដថ n 1 nV V cosa+ = ថនឲំ្ថ n(V ) ជកសីាាតរណា �ះាថ

ៃួ�នេរកគឹថcosa និឹ ថាួថ 0 0
a aV U cot 1 cot
2 2

= − = − ថថ។ថ

ខ. គណនផាៃាាថ 0 1 nn
lim (V V .... V )
→+∞

+ + + ថនិឹថ nn
lim U
→+∞

ថថថ

េឹ�នថ៖ 
n 1 n 1

0 1 n 0
1 q a 1 cos aV V ... V V (1 cot ).

1 q 2 1 cosa

+ +− −
+ + + = = −

− −
ថ
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េឹ្នថ៖
n 1

0 1 nn n

a 1 cos alim (V V .... V ) lim (1 cot )
2 1 cosa

+

→+∞ →+∞

 −
+ + + = − 

−  
ថ

េដថ0 a
2
π

< < ថេនថ0 cosa 1< < ថនិឹថ n 1
n
lim cos a 0+

→+∞
= ថ

យូចេនថ 0 1 nn

a1 cot
2lim (V V .... V )

1 cosa→+∞

−
+ + + =

−
ថថ។ថ

ៃា្ ឹេឡាថ n n
aV U cot
2

= − ថនឲំ្ថ n n
aU V cot
2

= + ថ

េដថ n n
n 0

aV V q (1 cot )cos a
2

= × = − ថ

េគ្នថ n
n

a aU (1 cot )cos a cot
2 2

= − + ថ

និឹថថថ n
nn n

a a alim U lim (1 cot )cos a cot cot
2 2 2→+∞ →+∞

 = − + =  
ថថ

េះពថ n
n
lim cos a 0
→+∞

= ថ។ថ

យូចេនថថ nn

alim U cot
2→+∞

= ថថ។  
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 ហំរត់ត៦២ 

េគឲ្កសីាាតនចំនួនរគំាមចិថ n(Z ) រំនាគេដថ៖ថ

( )

0

n 1 n n

1 i 3Z
2

1Z Z | Z | ; n IN
2+

 +
=


 = + ∈

ថថថ( n| Z |  ជៃាូ គូផតនថ nZ ថ) ថ

កន�ាងថ n n n nZ (cos i.sin ) , n IN= ρ θ + θ ∀ ∈  

 ែយផថ n n n0 , ; IRρ > ρ θ ∈ ។ថ

រ-ចូរររឡំនរគឡនំឹររឹថ nθ ថនិឹថ n 1+θ ថេទថ nρ ថនិឹថ n 1+ρ ថ។ថ

ខ-ររះរេេឡតនកសីាាថ n( )θ រចួគណនថ nθ ជានគគៃននតនថn ថ។ថ

គ-ចូររង ង 1 2 n 1
n 0 0cos cos cos ....cos

2 2 2
−θ θ θ

ρ = ρ θ ថថ

រចួរយប រគថ nρ ថជានគគៃននតនថn ថ។ 
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ដំីណា្្ 

រ-ររឡំនរគឡនំឹររឹថ nθ ថនិឹថ n 1+θ ថេទថ nρ ថនិឹថ n 1+ρ ថ

េឹ�នថ n n n nZ (cos i.sin )= ρ θ + θ ថ

នឲំ្ថ n 1 n 1 n 1 n 1Z (cos i sin )+ + + += ρ θ + θ ថ

េដថ n 1 n n
1Z ( Z | Z | )
2+ = + ថេទថ n n| Z | = ρ ថ

េគ្នថ៖ 

n 1 n 1 n 1 n n n n
1(cos i sin ) (cos i.sin )
2+ + +ρ θ + θ = ρ θ + θ + ρ    

n 1 n 1 n 1 n n n

n n n
n 1 n 1 n 1 n

1(cos i.sin ) (1 cos i.sin )
2

(cos i.sin ) cos (cos i.sin )
2 2 2

+ + +

+ + +

ρ θ + θ = ρ + θ + θ

θ θ θ
ρ θ + θ = ρ +

ថ

េគទ្នថ 2
θ

c o sρρ n
n1n =+ ថនិឹថ 2

θ
θ n

1n =+ ថថ

យូចេនថ n
n 1 2+

θ
θ = ថថនិឹថថ n

n 1 n cos
2+
θ

ρ = ρ ថថថ។ថ
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ខ-ះរេេឡតនកសីាាថ n( )θ និឹថគណនថ nθ ជានគគៃននតនថn ថ៖ថ

រៃកះ�លឹេផេឹ�នថ n 1 n
1
2+θ = θ ថថ

នឲំ្ថ( )nθ ជកសីាាតរណា �ះា�នេរកគឹេក�ថ
1q
2

= ថ។ថ

រៃររូៃនមថ n
n 0 qθ = θ × ថថ

េដថ 0 0 0 0
1 i 3Z (cos i sin ) cos i.sin

2 3 3
+ π π

= ρ θ + θ = = + ថថ

េគទ្នថ 0 01 ;
3
π

ρ = θ = ថយូចេនថថ n n
1.

3 2
π

θ = ថថ។ 

គ-រង ងថ 1 2 n
n 0 0cos cos cos ....cos

2 2 2
θ θ θ

ρ = ρ θ ថថ

រៃកះ�លឹេផេគ�នថ n
n 1 n cos

2+
θ

ρ = ρ ថាថ n 1 n

n
cos

2
+ρ θ

=
ρ

ថ

េគ្នថ
k n 1 k n 1

k 1 k

kk 0 k 0
cos( )

2

= − = −
+

= =

 ρ θ =   ρ   
∏ ∏  

          n 1 2 n 1
0

0
cos .cos .cos .........cos

2 2 2
−ρ θ θ θ

= θ
ρ

ថ
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យូចេនថ 1 2 n 1
n 0 0cos cos cos ....cos

2 2 2
−θ θ θ

ρ = ρ θ ថថ។ថ

ៃា្ ឹេឡាេឹ�នថ n n n
n n 1sin 2sin cos 2sin cos

2 2 2+
θ θ θ

θ = = θ ថថ

( េះព n
n 1 2+

θ
θ = ) េគទថ n n

n 1

sin1cos .
2 2 sin +

θ θ
=

θ
ថ

េទាគេនថ 0 01 n 1
n n n

1 2 n n

sin sinsin sin1 1. . ..... .
sin sin sin sin2 2

−θ θθ θ
ρ = =

θ θ θ θ
ថថ

យូចេនថ n n n 1
n n

sin1 3 13 .1 12 2sin . ) sin( . )
3 32 2

+

π

ρ = =
π π
(

ថ។ 
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 ហំរត់ត៦៣ 

េគឲ្កសីាាតនចំនួនមាិថ n(U ) រំនាគេផថIN {0}∪ ថេដថ៖ថ

 0

n 1 n

U 2

U 2 U , n IN+

 =


= + ∈
ថ

រ.ចូរគណនថ nU ថជានគគៃននតនថn ថ។ថ

ខ.គណនាផគគណថ n 0 1 2 nP U U U .... U= × × × × ថថ។ 

ដំីណា្្ 

គណនថ nU ថជានគគៃននតនថn ថ៖ថ

េឹ�នថថ

0U 2 2cos
4
π

= = និឹ 1 0U 2 U 2 2cos 2cos
4 8
π π

= + = + = ថ

ឧរ�ងរមាិយផគាួឡាថp ថគរថ p p 2U 2cos
2 +
π

= ថថថ

េឹនដឹះរងរមាិយផគាួឡាថ(p 1)+ ថគរថ p 1 p 3U 2cos
2+ +
π

= ថថ



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 166 

 

េឹ�នថ p 1 pU 2 U+ = + ថែារៃីរឧរ�ថ p p 2U 2cos
2 +
π

= ថថថ

េឹ្នថ 2
p 1 p 2 p 3 p 3U 2 2cos 4cos 2cos

2 2 2+ + + +
π π π

= + = = ថមាិថ

យូចេនថថ n n 2U 2cos
2 +
π

= ថថ។ 

ខ. គណនាផគគណថ n 0 1 2 nP U U U .... U= × × × × ថថថ

រៃររូៃនមថsin 2a 2sinacosa= ថនឲំ្ថ sin 2a2cosa
sina

=  

n n n k 1
n k k 2

k 0 k 0 k 0 k 2 n 2 n 2

sin sin 12 2P (U ) (2cos ) ( )
2 sin sin sin

2 2 2

+

+
= = = + + +

π π
π

= = = = =
π π π∏ ∏ ∏     

យូចេនថ n

n 2

1P
sin

2 +

=
π

ថថ។ 
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 ហំរត់ត៦៤ 

េគឲ្កីគាាតនចំនួនមាិថ n(U ) រំនាគេដថ៖ថ

0 1U 0 ; U 1= =  និឹថ n 2 n 1 nn IN : U 2U cosa U+ +∀ ∈ = − ថថ

ែយផថa IR∈ ។ថ

រ. រឹថ n n 1 nZ U (cosa i sina) U , n IN {0}+= − − ∀ ∈ ∪ ថ។ថ

ចូររង ង n 1 nZ (cosa i sina) Z+ = + រចួទររថ nZ ជានគគៃនន

តនn និឹថa ថ។ថ

ខ. ទររថ nU ថជានគគៃននតនថn ថថ។ 

ដំីណា្្ 

រ. រង ងថ n 1 nZ (cosa i sina) Z+ = + ថថ

េឹ�នថ n n 1 nZ U (cosa i sina)U+= − − ថ

េឹ្នថ n 1 n 2 n 1Z U (cosa i sina)U+ + += − −  
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n 1 n n 1

n 1 n

n
n 1

n 1 n

n

2U cosa U (cosa i sina)U
(cosa i sina)U U

U(cosa i sina)(U )
cosa i sina

(cosa i sina) U (cosa i sina)U
(cosa i sina) U

+ +

+

+

+

= − − −

= + −

= + −
+

= + − −  
= +

ថ

យូចេនថថ n 1 nZ (cosa i sina) Z+ = + ថ។ថ

គណនថ nZ ថជានគគៃននតនថn ថនិឹថa ថ៖ថ

េដថ n 1 nZ (cosa i sina) Z+ = + ថនឲំ្ថ n(Z ) ជកីគាាតរណា �ះាថ

តនចំនួនរគំាមចិែយផ�នេរកគឹថq cosa i sina= + និឹថ

ាួថ 0 1 0Z U (cosa i sina)U 1= − − = ថ។ថ

រៃររូៃនមថ៖ 
n n

n 0Z Z q (cosa i sina) cos(na) i sin(na)= × = + = + ថ

យូចេនថថ nZ cos(na) i.sin(na)= + ថថ។ 

ថ
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ខ. ទររថ nU ថជានគគៃននតនថn ថ៖ថ

េឹ�នថ n n 1 nZ U (cosa i sina)U (1)+= − − ថថ

និឹថថថថថថ n n 1 nZ U (cosa i sina)U (2)+= − + ថ

យរកៃាី រថ(1) ថនិឹថ(2) ា �ឹនដឹា �ឹេគ្នថ៖ថ

n n nZ Z 2isina U− =  នឲំ្ថ n n
n

Z ZU
2isina
−

= ថែយផថsina 0≠ ថថ

េដថ nZ cos(na) i sin(na)= + ថនិឹថ nZ cos(na) i sin(na)= − ថ

យូចេនថ n
sin(na)U

sina
= ថ។  
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 ហំរត់ត៦៥ 

គណនាផរូរលឹេះីៃថ

1n

2n

n

2
c o

2
t a n

. . . . .

1 6
c o s

3 2
t a n

8
c o s

1 6
t a n

4
c o s

8
t a n

S
+

+

π

π

++π

π

+π

π

+π

π

= ថថថ

រចួទររផាៃាាតនថ nS ថីផនថ + ∞→n ថថ។ 

ដំីណា្្ 

រៃររូៃនមថ 2
2tan xtan 2x

1 tan x
=

−
ថ

េគ្នថ
2

2 2
2tan x tan x tan xtan 2x tan x tan x

1 tan x 1 tan x
+

− = − =
− −

ថ

ថថថថ
2

2
1 tan xtan 2x tan x tan x.
1 tan x
+

− =
−

ថ

េដថ
xt a n1
xt a n1x2c o s 2

2

+
−

= ថថថ

េនថ tan xtan 2x tan x (*)
cos 2x

− = ថ
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េដេះិកេរ កថ k 2x
2 +
π

= ថិួករគឹថ(*) ថថ

េគ្នថថថ
k 2

k 1 k 2
k 1

tan
2tan tan

2 2 cos
2

+

+ +

+

π
π π

− =
π

ថ

េឹ្នថ ∑
=

++ 





 π

−
π

=
n

1k
2k1kn 2

t a n
2

t a nS ថ

2n2n

2n1n

2
t a n1

2
t a n

4
t a n

)
2

t a
2

( t a n. . .)
1 6

t a n
8

( t a n)
8

t a n
4

( t a n

++

++

π
−=

π
−

π
=

π
−

π
++

π
−

π
+

π
−

π
=

ថ

យូចេនថថ 2nn 2
t a n1S +

π
−= ថថ។ថ

ៃ្ាឹេឡាេគ�នថ 0
2

t a nl i m 2nn
=

π
++ ∞→

ថ

យូចេនថថ 1Sl i m nn
=

+ ∞→ ថថថ។ថ

ថ
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 ហំរត់ត៦៦ 

េគឲ្ថ n(a ) ថជកីគាានមីនមៃួ�នាផកឹរៃួថd ថថ។ថ

េគរឹថ 31 2 n
n 2 3 n

cosacosa cosa cosaS ...
cosd cos d cos d cos d

= + + + + ថថ 

ចំេពថn 1,2,3, ...= ។ថ ថ ថ

ចូរះរងថ n 1
n n

sina sinaS
sindcos dsind

= − ថថថ 

ដំីណា្្ 

ះរងថ n 1
n n

sina sinaS
sindcos dsind

= − ថ

េដថ n(a ) ថជកីគាានមីនមៃួ�នាផកឹរៃួថd ថថេនថ

n 1 na a d+ = + ថថ។ថ

េគ្នថ n 1 n n nsina sin(a d) sina cosd sindcosa+ = + = + ថ

ែចរា �ឹទំឹ មារនដឹ ថ n 1cos d 0+ ≠ ថថេគ្នថ៖ថ

n 1 n n
n 1 n 1

sina sina cosd sindcosa
cos d cos d

+
+ +

+
= ថ
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េគទថ n n 1 n
n n 1 n

cosa sina sinacosd
sindcos d cos d cos d

+
+

 
= − 

 
 

           

n
p 1 p

n p 1 p
p 1

n 1 1 n 1 1
n n 1 n

sina sinacosdS
sind cos d cos d

sina sina sina sinacosdS
sind cosd sindcos d cos dsind

+
+

=

+ +
+

  
= −  

   

 
= − = − 

 

∑
ថ

យូចេនថថ n 1
n n

sina sinaS
sindcos dsind

= − ថថថ។ 
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 ហំរត់ត៦៧ 

រ.ចូររង ងថថ

1 1 2sin xcos(2nx)
2 sin(2n 1)x 2 sin(2n 1)x [2 sin(2n 1)x ] [2 sin(2n 1)x ]

− =
+ − + + + − + +

ថ

ខ.គណនថ
( ) ( )

n

n
k 1

cos(2kx)S
2 sin(2k 1)x 2 sin(2k 1)x

=

 
=  + − + + 
∑ ថ។ 

ដំីណា្្ 

រ. ីររង ថថ

រឹថថ 1 1f (x)
2 sin(2n 1)x 2 sin(2n 1)x

= −
+ − + +

 

     ( ) ( )

( ) ( )

sin(2n 1)x sin(2n 1)x
2 sin(2n 1)x 2 sin(2n 1)x

2sin x cos(2nx)
2 sin(2n 1)x 2 sin(2n 1)x

+ − −
=

+ − + +

=
+ − + +

  ពិត
ថ
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ខ.គណនថ
( ) ( )

n

n
k 1

cos(2kx)S
2 sin(2k 1)x 2 sin(2k 1)x

=

 
=  + − + + 
∑ ថ

េឹ្នថ
n

n
k 1

1 1 1S
2sin x 2 sin(2n 1)x 2 sin(2n 1)x

=

 
= − + − + + 

∑  

        
( ) ( )

( )

1 1 1
2sin x 2 sin x 2 sin(2n 1)x

1 sin(2n 1)x sin x.
2sin x 2 sin x 2 sin(2n 1)x

sin(nx)cos(n 1)x
sin x 2 sin x (2 sin(2n 1)x)

 
= − + + + 

+ −
=

+ + +

+
=

+ + +

  

យូចេនថថថ ( )n
sin(nx)cos(n 1)xS

sin x 2 sin x (2 sin(2n 1)x)
+

=
+ + +

ថថ។ 
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 ហំរត់ត៦៨ 

រ.ចូរះរង 

[ ]1cos(2nx) sin(2n 1)x sin(2n 1)x
2sin x

= + − − ថ

ខ.គណនាផររូថ 

nS cos 2x cos4x cos6x ..... cos(2nx)= + + + + ថ

គ.ទររាផររូថថ

2 2 2 2
nT cos x cos 2x cos 3x ..... cos (nx)= + + + + ថ

េ.គណនាផរូរថថ

2 2 2 2
nU sin x sin 2x sin 3x ..... sin (nx)= + + + +  

ដំីណា្្ 

រ.ះរងថ [ ]1cos(2nx) sin(2n 1)x sin(2n 1)x
2sin x

= + − − ថថ

រៃររូៃនមថ p q p qsinp sinq 2sin( ) cos( )
2 2
− +

− =  
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េដរថp (2n 1)x , q (2n 1)x= + = − ថថ

 និឹថp q 2x , p q 4nx− = + = ថថ

េគ្នថsin(2n 1)x sin(2n 1)x 2sin x cos(2nx)+ − − =  

យូចេនថ [ ]1cos(2nx) sin(2n 1)x sin(2n 1)x
2sin x

= + − − ថ។ថ

ខ.គណនាផររូថ nS cos 2x cos4x cos6x ..... cos(2nx)= + + + + ថ

េឹ្នថ [ ]
n

n
k 1

S cos(2kx)
=

= ∑  

        

[ ]

[ ]

[ ]

n

k 1

1 sin(2k 1)x sin(2k 1)x
2sin x

1 sin(2n 1)x sin x
2sin x

1 sin(nx) cos(n 1)x2sin(nx)cos(n 1)x
2sin x sin x

=

= + − −

= + −

+
= + =

∑

 

យូចេនថថ n
sin(nx)cos(n 1)xS

sin x
+

= ថថ។ថ
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គ.ទររាផររូថ 2 2 2 2
nT cos x cos 2x cos 3x ..... cos (nx)= + + + +  

េឹ្នថ
n

2
n

k 1
T cos (kx)

=

 =  ∑ ថថរៃររូៃនមថ 2 1 cos 2acos a
2

+
=  

េគ្នថថ
n

n n
k 1

1 cos(2kx) n 1T S
2 2 2

=

+ = = +  ∑ ថថ

េដថថ n
sin(nx)cos(n 1)xS

sin x
+

=  

យូចេនថ n
n sin(nx)cos(n 1)xT
2 2sin x

+
= + ថថថ។ថ

េ.គណនាផរូរថថ

2 2 2 2
nU sin x sin 2x sin 3x ..... sin (nx)= + + + +  

េឹ្នថ
n

2
n

k 1
U sin (kx)

=

 =  ∑
n

2
n

k 1
1 cos (kx) n T

=

 = − = − ∑   

េដថ n
n sin(nx)cos(n 1)xT
2 2sin x

+
= + ថថថ

យូចេនថ n
n sin(nx)cos(n 1)xU
2 2sin x

+
= − ថថ។ 
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 ហំរត់ត៦៩ 

រ.ចូរះរងថ
3

2
tan x 1 tan 2x tan x

21 tan x
= −

−
ថ

ខ.ចូរគណនាផរូរថ

k 3n n
n

2k 0 n

a2 tan
2S a1 tan
2

=

 
 

=  
 − 
 

∑  

ដំីណា្្ 

រ.ះរងថ
3

2
tan x 1 tan 2x tan x

21 tan x
= −

−
ថថ

េឹ្នថ
3

2 2
1 tan x tan xtan 2x tan x tan x
2 1 tan x 1 tan x

− = − =
− −

 

យូចេនថ
3

2
tan x 1 tan 2x tan x

21 tan x
= −

−
ថថ។ថ
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ខ.គណនាផររូថ
k 3n k

n
2k 0 k

a2 tan
2S a1 tan
2

=

 
 

=  
 − 
 

∑  

េគ�នថ
3

2
tan x 1 tan 2x tan x

21 tan x
= −

−
ថថរថ k

ax
2

=  

េគ្នថថ

3
k

k 1 k2
k

atan 1 a a2 tan tana 2 2 21 tan
2

−= −
−

 

េឹ្ន៖ 

ថ

n
k 1 k

n k 1 k
k 0

n
n

a aS 2 tan 2 tan
2 2

1 atan 2a 2 tan
2 2

−
−

=

 = − 
 

= −

∑
 

យូចេនថថ n
n n

1 aS tan 2a 2 tan
2 2

= − ថថថថ។ថ

 

ថ
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 ហំរត់ត៧០ 

រ. ចូរះររយប រគឡំនរគឡំនឹថtan x cot x 2cot 2x= − ថ

ខ. ចូរគណនាផរូរលឹេះីៃថ៖ថ

ថថថ n 2 2 n n
1 a 1 a 1 aS tana tan tan .... tan
2 2 2 2 2 2

= + + + +  

ដំីណា្្ 

រ. ះររយប រគឡំនរគឡំនឹថtan x cot x 2cot 2x= − ថថ

ថថថថរឹថA cot x 2cot 2x= − ថថ

េដថ 2

1cot x
tan x

1 1 tan xcot 2x
tan 2x 2tan x

 =


− = =

ថ
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េគ្នថថ

2

2

1 1 tan xA 2 ( )
tan x 2tan x
1 1 tan x tan x

tan x

−
= −

− +
= =

ថ

យូចេនថtan x cot x 2cot 2x= − ថ។ថ

ខ. គណនាផរូរលឹេះីៃថ៖

n 2 2 n n

n

k k
k 0

n

k k k 1
k 0

n

k k k 1 k 1 n n
k 0

1 a 1 a 1 aS tana tan tan .... tan
2 2 2 2 2 2

1 atan
2 2

1 a a(cot 2cot )
2 2 2

1 a 1 a 1 acot cot cot 2cot 2a
2 2 2 2 2 2

=

−
=

− −
=

= + + + +

 =  
 

 = −  

 = − = − 
 

∑

∑

∑

 

យូចេន n n n n n
1 a 1 a 1 aS tana tan .... tan cot 2cot 2a
2 2 2 2 2 2

= + + + = −  
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 ហំរត់ត៧១ 

គណនាផគគណលឹេះីៃ ថ៖ ថ

k nn
2 2 4 2

n k n
k 0

x x x xP tan tan x.tan .tan .....tan
2 42 2=

 = = 
 ∏  

ដំីណា្្ 

គណនាផគគណថ nP ៖ 

េគ�នថ
2 2sina 2sin a 2sin atana

cosa 2sinacosa sin 2a
= = = ថ

រថ k
xa

2
= ថេគ្នថ

2
k

k
k

x2sinx 2tan 2x2 sin
2

= ថ

េគទថ
k 1 n 1

k n 1

k

2 2n k n2 2 1
n

2k 0 k

x xsin sin
2 2P 2 . 2 .2x sin 2xsin

2

+ +

+ −

=

 
 

= = 
  
 

∏ ថថ

យូចេនថ

n 1

n 1
2

n(2 1)
n

xsin
2P 2 .

sin 2x

+

+ −= ថថថ។ 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 184 

 

 ហំរត់ត៧២ 

គណនាផគគណលឹេះីៃ ថ៖ ថ

kn
2 2

n k
k 0

xP (1 tan )
2=

 = −  ∏    

ដំីណា្្ 

គណនាផគគណថ
kn

2 2
n k

k 0

xP (1 tan )
2=

 = −  ∏   

េឹ�នថ

2 2
k k k2

k 2 2
k k

x x 2xcos sin cosx 2 2 21 tan x x2 cos cos
2 2

−
− = = ថថ

េគ្នថ

k

k 1 n 1

2n k 1
n

2 2k 0 k n

xcos cos 2x2P x xcos cos
2 2

+ +

−

=

 
 

= = 
 
  

∏ ថថ

យូចេនថថ n 1n
2

n

cos 2xP xcos
2

+= ថថថថថ។ 
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 ហំរត់ត៧៣ 

គណនាផគគណ ថ៖  

( )
n 2 k

n 22 kk 1

1 tan 2 xP
1 tan 2=

 
 +

=  
 −
 

∏   ែយផថ n 2| x |
2 +
π

<  

ដំីណា្្ 

រៃររូៃនមថ
2

2
1 tan acos 2a
1 tan a
−

=
+

ថ

េគ្នថថ
2 k

k 1
2 k

1 tan 2 xcos 2 x
1 tan 2 x

+ −
=

+
ថ

េទថ
2 k 2 k k 1

2 k
2 k 2 k

cos 2 sin 2 cos 2 x1 tan 2
cos 2 x cos 2 x

+−
− = = ថ

េគ្នថ
2 k 2 k

2 k 2 2 k 1
1 tan 2 x cos 2 x

(1 tan 2 x) cos 2 x+
+

=
−

ថ

យូចេនថ
n 2 k 2

n 2 k 1 2 n 1
k 1

cos 2 x cos 2xP
cos 2 x cos 2 x+ +

=

 
= =  

 
∏ ថថថ។ 
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 ហំរត់ត៧៤ 

រ.ចូរះរងថ 1 cot x cot 2x
sin 2x

= − ថ

ខ.ចូរគណនថ n

2 n

1 1 1 1S ....a a asina sin sin sin
2 2 2

= + + + +  

ដំីណា្្ 

រ.ះរងថ 1 cot x cot 2x
sin 2x

= − ថថ

រឹថf (x) cot x cot 2x= −  

   ថថថថថថថ  
2

2 2

cos x cos 2x
sin x sin 2x
cos x 2cos x 1
sin x 2sin xcos x
2cos x 2cos x 1 1

2sin xcos x sin 2x

= −

−
= −

− +
= =

 

 យូចេនថថ 1 cot x cot 2x
sin 2x

= − ថថ។ថ
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ខ.គណនថ n

2 n

1 1 1 1S ....a a asina sin sin sin
2 2 2

= + + + +  

េឹ្នថ
n

n
k 0 k

1S ( )asin
2

=

= ∑ ថថ 

េដថ 1 cot x cot 2x
sin 2x

= − ថ 

ថថថថថថថថថថថថ  

n

n k 1 k
k 0

n 1

a aS cot cot
2 2

acot cot a
2

+
=

+

 = − 
 

= −

∑
 

យូចេនថថ n n 1
aS cot cot a

2 += − ថថ។ 

 
ថ
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 ហំរត់ត៧៥ 

រ.ចូរះរងថ

xcot1 21
cos x cot x

+ = ថ

ខ.គណន n

2 n

1 1 1 1P (1 )(1 )(1 ).....(1 )a a acosa cos cos cos
2 2 2

= + + + +  ថ

ដំីណា្្ 

រ.ះរងថ

xcot1 21
cos x cot x

+ = ថថ

េឹរឹថ 1A(x) 1
cos x

= + ថថថថថថថថថថថថថថថថ

       

2 2x x x x2cos 2cos sin cos sin xcos x 1 2 2 2 2
x xcos x cos x cos xsin cos xsin
2 2

x xcos cotsin x x2 2. tan tan xx cos x 2 cot xsin
2

+
= = = =

= = =
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យូចេនថថ

xcot1 21
cos x cot x

+ = ថថ។ថ

ខ.គណនាផគគណថ

 n

2 n

1 1 1 1P (1 )(1 )(1 ).....(1 )a a acosa cos cos cos
2 2 2

= + + + +   

ថថថថថ
n n k 1

k 0 k 0k k

acot1 21 [ ]a acos cot
2 2

+

= =

 
 

= + = 
  
 

∏ ∏  

 យូចេនថ n n 1
aP tan .cot a

2 +=   ។ 

ថ
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 ហំរត់ត៧៦ 

រ.ចូរះររយប រគងថ 2tan 2x .tan x tan 2x 2tan x= − ថ

ខ.ចូរគណនាផរូរថ
n

k 2
n k k 1

k 0

a aS 2 tan tan
2 2 +

=

 =   ∑ ថ 

ដំីណា្្ 

រ.ះររយប រគងថ 2tan 2x .tan x tan 2x 2tan x= − ថថ

រឹថថថf (x) tan 2x 2tan x= − ថថេដថ 2
2tan xtan 2x

1 tan x
=

−
 

េគ្នថ 2
2tan xf (x) 2tan x

1 tan x
= −

−
 

         

2

2

3

2

3
2 2

2 2

2tan x 2tan x(1 tan x)
1 tan x

2tan x 2tan x 2tan x
1 tan x

2tan x 2tan x .tan x tan 2x.tan x
1 tan x 1 tan x

− −
=

−

− +
=

−

= = =
− −

 

 យូចេនថថ 2tan 2x .tan x tan 2x 2tan x= − ថថ។ថ
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ខ.គណនាផររូថ
n

k 2
n k k 1

k 0

a aS 2 tan tan
2 2 +

=

 =   ∑ ថថថ

េឹ�នថ 2tan 2x .tan x tan 2x 2tan x= − ថ 

េដរថ k 1
ax

2 +=  

េគ្នថ 2
k k 1 k k 1
a a a atan tan tan 2tan

2 2 2 2+ += −  

n
k k 1 n 1

n k k 1 n 1
k 0

a a aS 2 tan 2 tan tana 2 tan
2 2 2

+ +
+ +

=

 = − = − 
 ∑  

យូចេនថ
n

k 2 n 1
n k k 1 n 1

k 0

a a aS 2 tan tan tana 2 tan
2 2 2

+
+ +

=

 = = −  ∑ ថថថ។ថ

 

 

ថ
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 ហំរត់ត៧៧ 

រ.ចូរះរងថ 3 1sin x ( 3sin x sin 3x)
4

= − ថ

ខ.ចូរគណនថថ

3 3 2 3 n 1 3
n 2 3 n

a a a aS sin 3sin 3 sin .... 3 sin
3 3 3 3

−= + + + +  

ដំីណា្្ 

រ.ះរងថ 3 1sin x ( 3sin x sin 3x)
4

= − ថថ

េឹ�នថsin 3x sin(x 2x)= + ថថ

 រៃររូៃនមថsin(a b) sinacosb sinbcosa+ = +  

    ថថថថថថថថថថថថថថថ   
2 2

2 2

3 3

3

sin xcos 2x sin 2xcos x

sin x(1 2sin x) 2sin xcos x

sin x(1 2sin x) 2sin x(1 sin x)

sin x 2sin x 2sin x 2sin x

3sin x 4sin x

= +

= − +

= − + −

= − + −

= −
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េដថថថ 3sin 3x 3sin x 4sin x= −  

យូចេនថ 3 1sin x ( 3sin x sin 3x)
4

= − ថថ។ថ

ខ. គណនថ

3 3 2 3 n 1 3
n 2 3 n

a a a aS sin 3sin 3 sin .... 3 sin
3 3 3 3

−= + + + + ថ

េឹ្នថ
n

k 1 3
n k

k 1

aS 3 sin
3

−

=

 
=  

 ∑  

េដ 3 1sin x ( 3sin x sin 3x)
4

= − ថថថថថថថថថថថ

n
k k 1 n

n k k 1 n
k 1

1 a a 1 aS 3 sin 3 sin (3 sin sina)
4 3 3 4 3

−

−
=

 = − = − 
 

∑  
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 ហំរត់ត៧៨ 

រ.ចូរះរងថ 2 2 2
1 4 1

cos x sin 2x sin x
= − ថ

ខ.ចូរគណនថ n
2 2 n 2

2 n

1 1 1S ....a a a4cos 4 cos 4 cos
2 2 2

= + + +  

ដំីណា្្ 

រ. ះរងថ 2 2 2
1 4 1

cos x sin 2x sin x
= − ថថ

េឹ�នថថ

2 2

2 2 2 2 2 2 2
1 1 sin x cos x 1 4

cos x sin x sin xcos x sin xcos x sin 2x
+

+ = = =  

យូចេនថថថ 2 2 2
1 4 1

cos x sin 2x sin x
= − ថថថ។ថ

ខ. គណនាផររូ៖ 

ថ n
2 2 n 2

2 n

1 1 1S ....a a a4cos 4 cos 4 cos
2 2 2

= + + +  
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េឹ្នថ
n

n k 2k 1 k

1 1S . a4 cos
2

=

 
 

=  
  
 

∑ ថ

េដថ 2 2 2
1 4 1

cos x sin 2x sin x
= − ថថថថ

េគ្នថ៖ថ

n

n k
k 1 2 2

k 1 k

n

k 1 k 2
k 1 2 2 n 2

k 1 k n

1 4 1S ( )a a4 sin sin
2 2

1 1 1 1 1 1. .a a a4 4 sin asin sin 4 sin
2 2 2

=

−

−
=

−

 
 

= − 
 
 
 
 

= − = − 
 
 

∑

∑
 

យូចេនថថ n 2 n 2
n

1 1S asin a 4 sin
2

= − ថថថថ។ថ
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 ហំរត់ត៧៩ 

រ.ចូរះរងថ 1 cot x cot 2x
sin 2x

= − ថ

ខ.ចូរគណនថ n

2 n

1 1 1 1S ....a a asina sin sin sin
2 2 2

= + + + +  

ដំីណា្្ 

រ.ះរងថ 1 cot x cot 2x
sin 2x

= − ថថ

រឹថf (x) cot x cot 2x= −  

            
2

2 2

cos x cos 2x
sin x sin 2x
cos x 2cos x 1
sin x 2sin xcos x
2cos x 2cos x 1 1

2sin xcos x sin 2x

= −

−
= −

− +
= =

 

យូចេនថថ 1 cot x cot 2x
sin 2x

= − ថថ។ថ
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ខ.គណនថ n

2 n

1 1 1 1S ....a a asina sin sin sin
2 2 2

= + + + +  

េឹ្នថ
n

n
k 0 k

1S ( )asin
2

=

= ∑ ថថេដថ 1 cot x cot 2x
sin 2x

= − ថថថ

   

n

n k 1 k
k 0

n 1

a aS cot cot
2 2

acot cot a
2

+
=

+

 = − 
 

= −

∑
 

យូចេនថថ n n 1
aS cot cot a

2 += − ថថ។ថ
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 ហំរត់ត៨០ 

រ.ចូរះរងថ n n 1 n
sin(nx) cos(n 1)x cos(nx) .cot x
cos x cos x cos x+

+ 
= −  

ថ

ខ.ចូរគណនថ n 2 3 n
sin x sin 2x sin 3x sin(nx)S ....
cos x cos x cos x cos x

= + + + +  

ដំីណា្្ 

រ.ះរងថ n n 1 n
sin(nx) cos(n 1)x cos(nx) .cot x
cos x cos x cos x+

+ 
= −  

ថថ

េឹ�នថcos(n 1)x cos(nx x)+ = +  

 ាថថថថcos(n 1)x cos(nx)cos x sin(nx)sin x+ = −  

ែចរា �ឹទំឹ មារនដឹ ថ n 1cos x+ ថេគ្នថ៖ថ

n 1 n 1 n 1 n n
cos(n 1)x cos(nx)cos x sin(nx)sin x cos(nx) sin(nx) .tan x

cos x cos x cos x cos x cos x+ + +
+

= − = −  

នឲំ្ថថថថ n n 1 n
sin(nx) cos(n 1)x cos(nx) 1.

tan xcos x cos x cos x+
+ 

= −  
 

យូចេនថថថ n n 1 n
sin(nx) cos(n 1)x cos(nx) .cot x
cos x cos x cos x+

+ 
= −  

ថថថ។ថ
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ខ.គណនថ n 2 3 n
sin x sin 2x sin 3x sin(nx)S ....
cos x cos x cos x cos x

= + + + +  

េឹ្នថ
n

n k
k 1

sin(kx)S
cos x=

 
=   ∑ ថថ

េដថ k k 1 k
sin(kx) cos(k 1)x cos(kx) .cot x
cos x cos x cos x+

+ 
= −  

ថថថ

n

n k 1 k n 1
k 1

cos(k 1)x cos(kx) cos(n 1)xS cot x cot x 1
cos x cos x cos x+ +

=

+ +   
= − = −   

   ∑
 

យូចេនថ
n 1

n n 1
cot x[cos(n 1)x cos x]S

cos x

+

+
+ −

=
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 ហំរត់ត៨១ 

រ.ចូររង ងថ cos(n 1)x1 tan xtan(nx)
cos xcos(nx)

−
+ = ថ

ខ.គណនថ [ ]
n

n
k 1

P 1 tan xtan(kx)
=

= +∏ ថថ។ 

ដំីណា្្ 

រ.រង ងថ cos(n 1)x1 tan xtan(nx)
cos xcos(nx)

−
+ = ថថ

េគ�នថcos(n 1)x cos(nx)cos x sin(nx)sin x− = + ថ

នឲំ្ថថថ cos(n 1)x cos(nx)cos x sin(nx)sin x
cos xcos(nx) cos(nx)cos x

− +
=  

                            1 tan xtan(nx)= + មាិថ

យូចេនថ cos(n 1)x1 tan xtan(nx)
cos xcos(nx)

−
+ = ថថ។ថ
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ខ.គណន 

េគ�ន [ ]
n

n
k 1

P 1 tan xtan(kx)
=

= +∏    

   ថថ

n

k 1

n

n

cos(k 1)x
cos xcos(kx)

1 1 cos x cos 2x cos(n 1)x. . . ....
cos x cos 2x cos 3x cos(nx)cos x

1
cos x cos(nx)

=

 −
=  

 

−
=

=

∏

 

ថថថថថថថថថ

n n
1P

cos xcos(nx)
=

ថ
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 ហំរត់ត៨២ 

រ.ចូរះរងថ

[ ]1 1 tan(n 1)x tan(nx)
cos(nx).cos(n 1)x sin x

= + −
+

ថ

ខ. គណនាផរូរថ
n

n
p 1

1S
cos(px) cos(p 1)x

=

 
=  + 
∑ ថ 

ដំីណា្្ 

រ.ះរងថ [ ]1 1 tan(n 1)x tan(nx)
cos(nx).cos(n 1)x sin x

= + −
+

ថថ

រៃររូៃនមថ sin(p q)tanp tanq
cospcosq

−
− =  

នឲំ្ថថ ( )1 1 tanp tanq (1)
cosp cosq sin(p q)

= −
−

 

រថp (n 1)x , q (nx)= + = ថនិឹថp q x− = ិួករគឹ(1) េគ្នថថ

[ ]1 1 tan(n 1)x tan(nx)
cos(nx).cos(n 1)x sin x

= + −
+

 មាិ  ។ថ
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ខ.គណនាផររូថថ
n

n
p 1

1S
cos(px) cos(p 1)x

=

 
=  + 
∑ ថ

រៃកះ�លឹេផេគ�នថ៖ថ

[ ]1 1 tan(p 1)x tan(px)
cos(px).cos(p 1)x sin x

= + −
+

   

េឹ្នថ [ ]
n

n
p 1

1S tan(p 1)x tan(px)
sin x

=

= + −∑  

       ថថថថថថថថថថថ
[ ]1 tan(n 1)x tan x

sin x
sin(nx)

sin xcos xcos(n 1)x

= + −

=
+
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 ហំរត់ត៨៣ 

រ.ចូរះរងថថ

[ ]tan(n 1)x tan(nx) tan x 1 tan(nx)tan(n 1)x+ − = + + ថ

ខ.គណនាផររូថថ

 nS tan xtan 2x tan 2xtan 3x ..... tan(nx)tan(n 1)x= + + + +  

ដំីណា្្ 

រ.ះរងថ [ ]tan(n 1)x tan(nx) tan x 1 tan(nx)tan(n 1)x+ − = + + ថថ

រៃររូៃនមថ tana tanbta(a b)
1 tanatanb

−
− =

+
 

នឲំ្ថថ ( )tana tanb tan(a b) 1 tana tanb (1)− = − +  

េដរថa (n 1)x , b nx= + = ថថនិឹថa b x− = ថថ

ិួករគឹថ(1) េគ្នថ៖ថ

 [ ]tan(n 1)x tan(nx) tan x 1 tan(nx)tan(n 1)x+ − = + +   ។ថ
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ខ.គណនាផររូថថ

nS tan xtan 2x tan 2xtan 3x ..... tan(nx)tan(n 1)x= + + + +  

េឹ្នថ [ ]
n

n
k 1

S tan(kx)tan(k 1)x
=

= +∑ ថ

រៃកះ�លឹេផេឹ�នថ៖ថ

[ ]tan(n 1)x tan(nx) tan x 1 tan(nx)tan(n 1)x+ − = + +  

ាថ [ ]tan(nx)tan(n 1)x tan(n 1)x tan(nx) cot x 1+ = + − −  

េឹ្នថ ( )
n

n
k 1

S tan(k 1)x tan(kx) cot x 1
=

 = + − − ∑  

   ថថថថថថថថថថថ   
[ ]tan(n 1)x tan x cot x n

sin(nx) cot x n
cos(n 1)xcos x

= + − −

= −
+

 

យូចេនថថ n
sin(nx)S n

cos(n 1)xsin x
= −

+
ថថ។ថ
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 ហំរត់ត៨៤ 

រ.ចូរះររយប រគងថ 1 2cos 2x2cos x 1
1 2cos x
+

− =
+

ថ

ខ.ចូរគណនាផគគណថ៖ថ

n 2 n
a a aP (2cosa 1)(2cos 1)(2cos 1).....(2cos 1)
2 2 2

= − − − −  

ដំីណា្្ 

រ. ះររយប រគងថ 1 2cos 2x2cos x 1
1 2cos x
+

− =
+

ថថ

រៃររូៃនមថថ 2cos 2x 2cos x 1= −  

     ថថថថថថថថ 
2

2

2cos 2x 4cos x 2

2cos 2x 1 4cos x 1
2cos 2x 1 (2cos x 1)(2cos x 1)

= −

+ = −
+ = + −

 

យូចេនថថ 1 2cos 2x2cos x 1
1 2cos x
+

− =
+

ថថថ។ថ
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ខ. គណនាផគគណថ៖ថ

n 2 n
a a aP (2cosa 1)(2cos 1)(2cos 1).....(2cos 1)
2 2 2

= − − − −  

 ថថ 
n

k
k 0

a2cos 1
2=

 = − 
 ∏    

េដថថ 1 2cos 2x2cos x 1
1 2cos x
+

− =
+

 

    
n k 1

n
k 0 k n

a1 2cos( ) 1 2cos 2a2P a a1 2cos( ) 1 2cos
2 2

−

=

 +  +
= = 

 + +
  

∏  

យូចេនថ n

n

1 2cos 2aP a1 2cos
2

+
=

+
ថថថថ។ថ

 

 

 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 208 

 

 ហំរត់ត៨៥ 

រ.ចូរះរងថ
3

2
tan x 1 ( tan 3x 3tan x)

81 3tan x
= −

−
ថ

ខ.ចូរគណនាផរូរថ

k 3n k
n

2k 0 k

a3 tan
3S a1 3tan
3

=

 
 

=  
 −
  

∑ ថថ 

ដំីណា្្ 

រ. ះរងថ
3

2
tan x 1 ( tan 3x 3tan x)

81 3tan x
= −

−
ថថ

រៃររូៃនមថ
3

2
3tan x tan xtan 3x

1 3tan x
−

=
−

 

េឹ្នថ
3 3

2 2
3tan x tan x 8tan xtan 3x 3tan x 3tan x

1 3tan x 1 3tan x
−

− = − =
− −

 

យូចេនថ
3

2
tan x 1 ( tan 3x 3tan x)

81 3tan x
= −

−
ថថ។ថ
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ខ.គណនាផររូថ

k 3n k
n

2k 0 k

a3 tan
3S a1 3tan
3

=

 
 

=  
 −
  

∑ ថថថ

េឹ�នថ
3

2
tan x 1 ( tan 3x 3tan x)

81 3tan x
= −

−
ថ 

េដរថ k
ax

3
=  

េគ្នថថ )
3
a

t a n3
3

a
( t a n

8
1

3
a

t a n31

3
a

t a n
k1k

k
2

k
3

−=
−

−  

េឹ្នថថ

n
k k 1 n 1

n k 1 k n
k 0

1 a a 1 aS (3 tan 3 tan ) tan 3a 3 tan
8 83 3 3

+ +
−

=

 
= − = − 

 ∑  

យូចេនថថ
n 1

n n
tan 3a 3 aS tan

8 8 3

+
= − ថថ។ 
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 ហំរត់ត៨៦ 

េគឱ្ះាាេីណថABC ថថ�នះិរឹ ថa , b , c ថថនិឹ�នៃគរំគឹថ , ,α β γ ថ

េរថ 3α = β ថចូររង ងថ 2 2 2(a b)(a b ) bc− − = ថថ 

ដំីណា្្ 

ះរងថ 2 2 2(a b)(a b ) bc− − = ថថថ

រៃះឡដកមារឡកគានូក៖ 
ថa 2R sin , b 2R sin , c 2R sin= α = β = γ ថ

េគ្នថថ 2 2 2(a b)(a b ) (a b) (a b)− − = − + ថ

េដថa b 2R(sin sin )− = α − β  

            2R(sin 3 sin )
4R sin cos 2

= β − β
= β β

   

េទថa b 2R(sin sin )+ = α + β  

            
ββ=

ββ=
β+β=

2c o ss i nR8

c o s2s i nR4
)s i n3( s i nR2
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េគ្នថ 2 2 2 2 2 2(a b)(a b ) 16R sin cos 2 .8R sin cos− − = β β β β  

                       
βγ=

ββ−π=

ββ=

s i ns i nR8

s i n)4(s i nR8

s i n4s i nR8

23

23

23

ថ

យូចេនថ 2 2 2(a b)(a b ) bc− − = ថថ។ 
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 ហំរត់ត៨៧ 

េគឲ្ះាាេីណថABC ៃួ�នថa , b , c ថជរងីកគះិរឹជៃថ

េរឹេ តនៃគថំA , B , C ថ។ថថ

រឹថp ថជរនមររ�ិះាតនះាាេីណថ។ថ

រ.ចូរះរងថ A p(p a)cos
2 bc

−
= ថរចួទររឡនំរគឡំនឹថ

មារេឡាែយផះកេយឹេ េនថ។ថ

ខ.ទរយប រគងថ 2 2 2 2A B Cbc.cos ac.cos ab.cos p
2 2 2
+ + =  

ដំីណា្្ 

េគ�នថ 2 A 1 cos Acos
2 2

+
= ថ

រៃះឡដកមារឡរូកគានូកានគតាមននរគឹះាាេីណថABC ថេគ�នថថ

2 2 2a b c 2bccos A= + −  េគទថ
2 2 2b c acos A

2bc
+ −

= ថថ
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េគ្នថ

2 2 2
2 2 2

2

b c a1A 2bc b c a2bccos
2 2 4bc

+ −
+ + + −

= =  

    
2 2

2 A (b c) a (b c a)(b c a)cos
2 4bc 4bc

+ − + + + −
= = ថ

េដថa b c 2p+ + = ថេនថb c a 2 (p a)+ − = − ថ

េគ្នថ 2 A 2p . 2(p a) p(p a)cos
2 4bc bc

− −
= = ថ 

ាថ
A p(p a)cos
2 bc

−
= ថមិា។ថ

េគទ្នឡំនរគឡំនឹះកេយឹេ េនយូចលឹេះីៃថ៖ថ

B p(p b) C p(p c)cos , cos
2 ac 2 ab

− −
= =   ។ថ

ខ.ទរយប រគងថ

2 2 2 2A B Cbc.cos ac.cos ab.cos p
2 2 2
+ + = ថថ
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រៃកះ�លឹេផេគ�នថ
A p(p a)cos
2 bc

−
= ថថ

B p(p b) C p(p c)cos , cos
2 ac 2 ab

− −
= =    

េគទថ
2 2Abc cos p(p a) p p .a

2
= − = −  

    
2 2

2 2

Bac cos p(p b) p p .b
2
Cab cos p(p c) p p .c
2

= − = −

= − = −
 

2 2 2 2

2 2 2

A B Cbc.cos ac.cos ab.cos 3p p(a b c)
2 2 2

3p 2p p

+ + = − + +

= − =
ថ

យូចេនថ 2 2 2 2A B Cbc.cos ac.cos ab.cos p
2 2 2
+ + = ថ។ថ
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 ហំរត់ត៨៨ 

េគឲ្ះាាេីណថABC ថៃួ�នៃគរំគឹជៃគះំក្ចថ។ថ

រ.ចូរះរងថtan A tanB tanC tan A.tanB.tanC+ + = ថ។ថ

ខ.ទរយប រគងថtan A tanB tanC 3 3+ + ≥ ថ។ 

ដំីណា្្ 

រ.ះរងថtan A tanB tanC tan A.tanB.tanC+ + = ថថ

េឹ�នថA B C+ + = π ថាថA B C+ = π − ថ

េគ្នថtan(A B) tan( C)+ = π −  

    
tan A tanB tanC

1 tan A tanB
tan A tanB tanC tan A tanBtanC

+
= −

−
+ = − +

ថ

យូចេនថtan A tanB tanC tan A.tanB.tanC+ + = ថថ។ 

 
ថ
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ខ.ទរយប រគងថtan A tanB tanC 3 3+ + ≥ ថថ

េដថA , B , C ថជៃគះំក្ចថ( រៃកៃ�ារិៃ�ថ) 

េគទថtan A 0 , tanB 0 , tanC 0> > > ថ

រៃតកិៃសមរូកគាេឹអចករេករថ៖ថ

3tan A tanB tanC 3 tan A.tanB.tanC+ + ≥ ថ

េដថtan A tanB tanC tan A.tanB.tanC+ + = ថ

េគ្នថ 3tan A tanB tanB 3 tan A tanB tanC+ + ≥ + +  

   
3

2

(tan A tanB tanC) 27(tan A tanB tanC)

(tan A tanB tanC) 27

+ + ≥ + +

+ + ≥
ថ

យូចេនថtan A tanB tanC 3 3+ + ≥ ថ។ថ
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 ហំរត់ត៨៩ 

េគឲ្ះាាេីណថABC ថៃួ�នៃគរំគឹជៃគះំក្ចថ។ថ

ចូរះរងថ 2 2 2cos A cos B cos C 1+ + < ថ 

ដំីណា្្ 

រឹថ 2 2 2T cos A cos B cos C= + +  

    

[ ]
[ ]

2

2

2

2

2

1 cos 2A 1 cos 2B cos C
2 2

cos 2A cos 2B1 cos C
2

1 cos(A B)cos(A B) cos C

1 cos( C)cos(A B) cos C

1 cosC cos(A B) cos C
1 cosC cos(A B) cosC

1 cosC cos(A B) cos( A B) 1 2cos AcosBcosC

+ +
= + +

+
= + +

= + + − +

= + π − − +

= − − +

= − − −

= − − + + = −

ថ

េគ្នថ 2 2 2cos A cos B cos C 1 2cos AcosBcosC+ + = − ថ

េដថA , B , C ជៃគះំក្ចេនcos A 0 , cosB 0 , cosC 0> > > ថ

យូចេនថ 2 2 2cos A cos B cos C 1+ + < ថថ។ 



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 218 

 

 ហំរត់ត៩០ 

េគឲ្ះាាេីណថABC ថៃួ�នៃគរំគឹជៃគះំក្ចថ។ថ

ចូរះរងថ 2 2 2sin A sin B sin C 2+ + > ថ។ 

ដំីណា្្ 

រឹថ 2 2 2T sin A sin B sin C= + +  

ថថថថថថ   

[ ]

2

2

2

1 cos 2A 1 cos 2B 1 cos C
2 2

cos 2A cos 2B2 cos C
2

2 cos(A B)cos(A B) cos C
2 cosC cos(A B) cosC
2 cosC cos(A B) cos(A B)
2 2cos AcosBcosC

− −
= + + −

+
= − −

= − + − −
= + − −

= + − + +

= +

ថ

េដថA , B , C ថជៃគះំក្ចេនថcos A 0 , cosB 0 , cosC 0> > > ថ

យូចេនថ 2 2 2sin A sin B sin C 2+ + > ថ។ 
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 ហំរត់ត៩១ 

េគឲ្ះាាេីណថABC ថៃួថ។ថ

រ. ចូរះរងថcot Acot B cot Bcot C cot Ccot A 1+ + =  ។ថ

ខ. ចូរះរងថ 2cot A 1 2cot 2Acot A− = ថ។ថ

គ. េគយដឹងៃគថំA ; B ; C ថរេ �ឹា្នជកសីាាតរណា �ះាថ

ៃួួែយផ�នេរកគឹេក�នដឹថq 2= ថ។ថថ

ចូរះររយប រគងថ 2 2 2
1 1 1 8

sin A sin B sin C
+ + =   ។ 

ដំីណា្្ 

រ.ះរងថcot Acot B cot Bcot C cot Ccot A 1+ + = ថថ

េឹ�នថA B C+ + = π ថាថA B C+ = π −  

េគ្នថtan(A B) tan( C)+ = π −  
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tan A tanB tanC
1 tan A tanB

1 1
1cot A cot B

1 1 cot C1 .
cot A cot B

cot A cot B 1
cot Acot B 1 cot C
cot Acot C cot Bcot C cot Acot B 1

+
= −

−

+
= −

−

+
= −

−
+ = − +

ថ

យូចេនថថcot Acot B cot Bcot C cot Ccot A 1+ + = ថថ។ថ

ខ.ះរងថ 2cot A 1 2cot 2Acot A− = ថថ

េឹ�នថ 2
2tan Atan 2A

1 tan A
=

−
 

        2
2

2
1 2cot Acot A

1cot 2A cot A 11
cot A

= =
−−

ថ

យូចេនថ 2cot A 1 2cot 2Acot A− = ថថ។ថ
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គ.ះររយប រគងថ៖ថ 2 2 2
1 1 1 8

sin A sin B sin C
+ + = ថថ

រឹថ 2 2 2
1 1 1T

sin A sin B sin C
= + +  

      
2 2 2

2 2 2

(1 cot A) (1 cot B) (1 cot C)

(cot A 1) (cot B 1) (cot C 1) 6
2cot 2Acot A 2cot Bcot 2B 2cot 2Ccot C 6 (1)

= + + + + +

= − + − + − +
= + + +

ថ

េដៃគថំA ; B ; C ថជកសីាាតរណា �ះាៃួួែយផ�នេរកគឹថ

េក�នដឹថq 2= ថេគ្នថB 2A , C 2B 4A= = = ថថ

េដថA B C+ + = π ថ

េគ្នថA 2A 4A+ + = π ថនឲំ្ថ 2 4A , B , C
7 7 7
π π π

= = = ថ

រៃថ(1) េគ្នថ 2 2 4 8 4T 2cot cot 2cot cot cot cot 6
7 7 7 7 7 7
π π π π π π

= + + + ថ

េដថ 8cot cot
7 7
π π
= ថេគ្នថ៖ថ
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2 2 4 4T 2cot cot 2cot cot 2cot cot 6
7 7 7 7 7 7

2(cot Acot B cot Bcot C cot Acot C) 6
2(1) 6 8

π π π π π π
= + + +

= + + +
= + =

ថ

យូចេនថថ 2 2 2
1 1 1 8

sin A sin B sin C
+ + = ថថ។ 
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 ហំរត់ត៩២ 

ររាតៃមារបររ�តនានគគៃននថ៖ថ

2 2

2 2

P(x) tan x cot x 2(tan x cot x) 27

Q(x) tan x cot x 8(tan x cot x) 87

= + − + +

= + − + +
    

ែយផថ0 x
2
π

< <   ។ 

ដំីណា្្ 

ររាតៃមារបររ�តនានគគៃននថ៖ថ

2 2P(x) tan x cot x 2(tan x cot x) 27= + − + +    

ែយផថថ0 x
2
π

< < ថថថ

រឹថz tan x cot x= + ថថែយផថz 2≥ ថ

េគ្នថ 2 2 2 2z (tan x cot x) tan x cot x 2= + = + + ថ

េគទថ 2 2 2tan x cot x z 2+ = − ថ

េឹ្នថ 2 2P(z) z 2 2z 27 (z 1) 24= − − + = − + ថ
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េដថz 2≥ ថេទាគេនេគ្នថP(z) 1 24 25≥ + = ថ

យូចេនាតៃមារបររ�តនថP(x) គរថm 25= ថ។ថ

ៃា្ ឹេឡាេដថ 2 2Q(x) tan x cot x 8(tan x cot x) 87= + − + + ថ

េគ្នថ 2 2Q(z) z 2 8z 87 (z 4) 69= − − + = − + ថ

េដថz 2≥ ថេទាគេនេយៃបាឲ្ថQ ថារបររ�ផគះរែាថz 4= ។ 

យូចេនាតៃមារបររ�តនថQ(x) គរថm 69= ។ 
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 ហំរត់ត៩៣ 

េគឲ្ះាាេីណថABC ថៃួ។ថថ

រង ងេរថ
A B Ctan , tan , tan
3 3 3

ថជាកររកគកៃាី រថថ

3 2(E) : x ax bx c 0+ + + =  េនេគ្នថ 3 a 3b c+ = + ថថ។ 

ដំីណា្្ 

េឹ្នថ A B C A B Ctan( ) tan[( ) ]
3 3 3 3 3 3
+ + = + +  

 

                

A B Ctan( ) tanA B C 3 3 3tan( ) A B C3 1 tan( )tan
3 3 3

A Btan tan C3 3 tanA B 31 tan tan
3 3tan A B3 tan tan C3 31 .tanA B 31 tan tan

3 3

+ ++ +
=

− +

+
+

−π
=

+
−

−  
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A B C A B Ctan tan tan tan tan tan
3 3 3 3 3 33 (1)A B A C B C1 (tan tan tan tan tan tan )

3 3 3 3 3 3

+ + −
=

− + +

  

េដថ A B Ctan , tan , tan
3 3 3

ថជាកររកគកៃាី រ(E) ថ

េនរៃះឡដកមារឡែត្ាេគ�នឡំនរគឡនំឹថ៖ថ

A B Ctan tan tan a (2)
3 3 3
+ + = −  

A B B C A Ctan tan tan tan tan tan b (3)
2 2 2 2 2 2
A B Ctan .tan .tan c (4)
2 2 2

+ + =

= −
ថ

រឡំនរគឡនំឹថ(2) , (3) ថនិឹថ(4) ថិួករគឹកៃាី រថ(1) ថ

េគ្នថ a c3
1 b
− +

=
−

  ាថ 3 3 b a c− = − + ពិត 

 
ថ

ថ
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 ហំរត់ត៩៤ 

េគឲ្ះាាេីណថABC ថែយផថ A asin
2 2 bc
= ថ។ 

ររះរេេឡតនះាាេីណថABC ? 

ដំីណា្្ 

េគ�នថ A asin
2 2 bc
= ថ

រៃះឡដកមារឡរូកគានូកេគ�នថ
2 2 2b c acos A

2bc
+ −

= ថថ

េដថ 2 Acos A 1 2sin
2

= − ថេគ្នថ៖ថ

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2

b c a a1 2
2bc 4bc

b c a 2bc a
2bc 2bc

b c a 2bc a

b 2bc c (b c) 0 b c

+ −
= −

+ − −
=

+ − = −

− + = − = ⇒ =

ថ

ះាាេីណABC �នះិរឹ ថb c= នឲំ្រជះាាេីណកៃ្ា។ថ
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 ហំរត់ត៩៥ 

�នះាាេីណថABC ថៃួែយផថBC a , AC b , AB c= = = ថថ។ថ

រឹថR ថនិឹថS ថេរឹេ ជីថំនិឹថតា�ះរឺតនះាាេីណថABC ថេនថ។ថ

ចូរះរងថថថ
2 2 2cos A cosB cosC R(sin A sin B sin C)

a b c 4S
+ +

+ + =  

ដំីណា្្ 

ះរងថថ
2 2 2cos A cosB cosC R(sin A sin B sin C)

a b c 4S
+ +

+ + = ថថ

រៃះឡដកមារឡរូកគានូកថនិឹ ថកគានូកានគតាមននរគឹះាាេីណថABC ថ

2 2 2a b c 2bccos A= + − ថថាថ
2 2 2cos A b c a

a 2abc
+ −

=  

a b c 2R
sin A sinB sinC

= = = ថាថ
a 2R sin A
b 2R sinB
c 2R sinC

=
 =
 =

ថថថនិឹថ
abcS
4R

= ថ

េគ្នថ
2 2 2 2cos A 4R (sin B sin C sin A)

a 8RS
+ −

= ថ

ាថថថថថថថថ
2 2 2cos A R(sin B sin C sin A) (1)

a 4S
+ −

= ថថថ
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យូចេ ែយរថ
2 2 2cosB R(sin A sin C sin B) (2)

b 4S
+ −

= ថថថ

និឹថថថថថថថថថ
2 2 2cosC R(sin A sin B sin C) (3)

c 4S
+ −

= ថថថ

រូរកៃសមថ(1),(2) &(3)ថថេគ្នថ៖ថ

2 2 2cos A cosB cosC R(sin A sin B sin C)
a b c 4S

+ +
+ + = ថមាិថ។ថ
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 ហំរត់ត៩៦ 

រគឹះគរគះាាេីណថABC ចូរះរងថ៖ថ

រ/ថ
2(sin A sinB sinC)(1 cos A)(1 cosB)(1 cosC)

2
+ +

+ + + = ថថ

ខ/ថ
23cos A cosB cosC sin A sinB sinC1

3 2
+ + + +  + ≥      

ថថ

ដំីណា្្ 

រ/ថះររយប រគងថថថ

2(sin A sinB sinC)(1 cos A)(1 cosB)(1 cosC)
2

+ +
+ + + = ថថថ

រឹះិរឹ ថBC a , AC b , AB c= = = ថថនិឹថ
a b cp

2
+ +

= ថជរនមររ�ិះាថ

រថRជីរំឹីឹគងរ ដរេះកថនិឹថS ថជតា�ះរឺររកគថ ABC∆ ថ។ថ

រៃះឡដកមារឡរូកគានូកេគ�នថ 2 2 2a b c 2bccos A= + − ថ

េគ្នថ 2 2 2a (b 2bc c ) 2bc(1 cos A)= + + − + ថ

េគទថ
2 2(b c) a (b c a)(b c a)1 cos A

2bc 2bc
+ − + + + −

+ = = ថ



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 231 

 

េដថ
a b cp

2
+ +

= ថេនថថa b c 2p+ + = ថនិឹថb c a 2(p a)+ − = − ថ

េគ្នថ
4p(p a) 2p(p a)1 cos A

2bc bc
− −

+ = = ថ

យូចេ ែយរថ
2p(p b) 2p(p c)1 cosB , 1 cosC

ac ab
− −

+ = + = ថ

េគ្នថ
2

2

8p .p(p a)(p b)(p c)(1 cos A)(1 cosB)(1 cosC) (1)
(abc)
− − −

+ + + = ថ

រៃររូៃនមេទរ ាគឹ ថ
abcS p(p a)(p b)(p c)
4R

= − − − = ថ

េគទថ 2 2

p(p a)(p b)(p c) 1 (2)
(abc) 16R

− − −
= ថ

រឡំនរគឡនំឹថ(2) ថិំនួករគឹថ(1)ថេគ្នថ៖ថ

22

2

8p 1 p(1 cos A)(1 cosB)(1 cosC) . (3)
16R 2 R

 + + + = =  
 

ថ

រៃះឡដកមារឡកគានូកថ
a b c 2R

sin A sinB sinC
= = = ថ

េគទថ
a b c 2p psin A sinB sinC (4)

2R 2R R
+ +

+ + = = = ថ
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រៃថ(3) ថនិឹថ(4)ថេគ្នឡំនរគឡំនឹថ៖ថ

2(sin A sinB sinC)(1 cos A)(1 cosB)(1 cosC)
2

+ +
+ + + = ថថមាិថ។ថ

ខ/ថះររយប រគងថ៖ថ

23cos A cosB cosC sin A sinB sinC1
3 2

+ + + +  + ≥      
ថថ

េដេះរតកិៃសមៃត្ៃនមីនមថៃត្ៃតរណា �ះាេគ្នថ៖ថ

31 cos A 1 cosB 1 cosC(1 cos A)(1 cosB)(1 cosC)
3

+ + + + + + + + ≤  
 

ថ

ាថ
3cos A cosB cosC(1 cos A)(1 cosB)(1 cosC) 1

3
+ + + + + ≤ + 

 
ថ

េដថ
2(sin A sinB sinC)(1 cos A)(1 cosB)(1 cosC)

2
+ +

+ + + = ថថថ

យូចេនថ
23cos A cosB cosC sin A sinB sinC1

3 2
+ + + +  + ≥      

ថថមាិ។ថ
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 ហំរត់ត៩៧ 

េគឱ្ះាាេីណថABC ថៃួថ។ថ

រ.ថចូរះររយប រគងថថ
2a1 cos A

2bc
− ≤ ថថ

ែយផថa , b , c ថជះិរឹះាាេីណថថABC ថថ។ថ

ខ.ទរយប រគងថ
1(1 cos A)(1 cosB)(1 cosC)
8

− − − ≤ ថថថ

ដំីណា្្ 

រ.ះររយប រគងថថ
2a1 cos A

2bc
− ≤ ថថថ

រៃះឡដកមារឡកគានូកេគ�នថ 2 2 2a b c 2bccos A= + − ថ

រៃតកិៃសមៃត្ៃនមីនមថៃត្ៃតរណា �ះាេគ�នថថ 2 2b c 2bc+ ≥ ថ

េគទថថ 2a 2bc 2bccos A 2bc(1 cos A)≥ − = − ថ

យូចេនថ
2a1 cos A

2bc
− ≤ ថថ។ថ

ថ
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ខ.ថទរយប រគងថ
1(1 cos A)(1 cosB)(1 cosC)
8

− − − ≤ ថ

រៃកះ�លឹេផេគ�នថថ
2a1 cos A (1)

2bc
− ≤ ថថថ

ះរយូចេ ែយរថ
2b1 cosB (2)

2ac
− ≤ ថថនិឹថ

2c1 cosC (3)
2ab

− ≤ ថ

គគណតកិៃសមថ(1) , (2) , (3)ថថា �ឹថនិឹថា �ឹេគឡឡួផ្នថ៖ថ

1(1 cos A)(1 cosB)(1 cosC)
8

− − − ≤ ថថថថមាិថ។ថ
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 ហំរត់ត៩៨ 

េគឱ្ះាាេីណថABC ថៃួថ។ថ

រ.ថចូរះររយប រគងថថ 2 2 2sin A sin B sin C 2sinBsinCcos A= + − ថថ

ខ.ថទរយប រគងថ៖ថ

2 2 2sin A sin B sin Ccot A cot B cotC
2sin AsinBsinC

+ +
+ + = ថថថ

ដំីណា្្ 

រ.ះររយប រគងថថ 2 2 2sin A sin B sin C 2sinBsinCcos A= + − ថ

រឹថa , b , c ថជះិរឹះាាេីណថថABC ថថនិឹថR ថជីរំឹីឹគងរ ដរេះកះាា

េីណ។ថ

រៃះឡដកមារឡកគានូកថ
a b c 2R

sin A sinB sinC
= = = ថ

េគទថថ
a 2R sin A
b 2rsinB (1)
c 2R sinC

=
 =
 =

ថ

ថ
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រៃះឡដកមារឡរូកគានូកថ 2 2 2a b c 2bccos A (2)= + − ថ

រថ(1)ថិំនួករគឹថ(2) ថេគ្នថ៖ថ

2 2 2 2 24R sin A 4R (sin B sin C 2sinBsinCcos A)= + − ថ

កះៃ្ផថ 24R ថរគឹា �ឹទំឹ មារតនកៃសមេគ្នថ៖ថ

2 2 2sin A sin B sin C 2sinBsinCcos A= + − ថថមាិថ

យូចេនថ 2 2 2sin A sin B sin C 2sinBsinCcos A= + − ថ។ថ

ខ.ថទរយប រគងថ៖ថ

2 2 2sin A sin B sin Ccot A cot B cotC
2sin AsinBsinC

+ +
+ + = ថថ

រៃកះ�លឹេផេគ�នថថ

2 2 2sin A sin B sin C 2sinBsinCcos A= + − ថ

េគទថ
2 2 2sin B sin C sin Acos A

2sinBsinC
+ −

= ថថេដថ
cos Acot A
sin A

= ថ

េគ្នថ
2 2 2sin B sin C sin Acot A (i)
2sin AsinBsinC

+ −
= ថថ
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ះរយូចេ ែយរេគឡឡួផ្នថ
2 2 2sin A sin C sin Bcot B (ii)
2sin AsinBsinC

+ −
= ថ

និឹថ
2 2 2sin A sin B sin CcotC (iii)
2sin AsinBsinC

+ −
= ថ

េតីាផររូកៃសមថ(i) , (ii) & (iii) ថេគ្នថ៖ថ

2 2 2sin A sin B sin Ccot A cot B cotC
2sin AsinBsinC

+ +
+ + = ថថថមាិថ

យូចេនថ
2 2 2sin A sin B sin Ccot A cot B cotC
2sin AsinBsinC

+ +
+ + = ថថ។ថ
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 ហំរត់ត៩៩ 

េគឱ្ះាាេីណថABC ថៃួ�នៃគថំA ,B,Cថជៃគះំក្ចែយផេា��ឹផ� ាគ

កៃសមថថ

1 1 1 1cot A cot B cotC
2 sin A sinB sinC
 + + = + + 
 

ថថ។ថ

ចូរះរងថABC ថជះាាេីណកៃឹខ�ថ?ថ

ដំីណា្្ 

ះរងថABC ថជះាាេីណកៃឹខ�ថ

រឹថa , b , c ថជះិរឹថនិឹ ថS ថជតា�ះរឺតនះាាេីណថABC ថថថ

េគ�នថ
1 1 1S bcsin A acsinB absinC
2 2 2

= = = ថ

េគទ្នថ
2S 2S 2Ssin A , sinB , sibC
bc ac ab

= = = ថ

េគ្នថ

2 2 2

2 2 2
b c a

cos A b c a2bccot A 2Ssin A 4S
bc

+ −
+ −

= = = ថ
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េទថ
2 2 2 2 2 2a c b a b ccot B , cotC

4S 4S
+ − + −

= = ថ

េគ្នថ
2 2 2a b ccot A cot B cot C (1)

4S
+ +

+ + = ថ

ៃា្ ឹេឡាថ
1 1 1 bc ca ab (2)

sin A sinB sinC 2S
+ +

+ + = ថ

រៃកៃ�ារិៃ�ថ
1 1 1 1cot A cot B cotC (3)
2 sin A sinB sinC
 + + = + + 
 

ថ

រកៃាី រថ(1) & (2) ថថិនួំករគឹថ(3) ថថេគ្នថ៖ថ

ថថថ
2 2 2a b c ab bc ca

4S 4S
+ + + +

= ថ

ាថ 2 2 2a b c ab bc ca+ + = + + ថ

ឡំនរគឡំនឹេនកៃៃូផថ 2 2 2(a b) (b c) (c a) 0− + − + − = ថ

េគទថ
a b 0
b c 0
c a 0

− =
 − =
 − =

ថថនឱំ្ថa b c= = ថថ។ថ

េដះាាេីណថABC ថ�នះិរឹរាេក�េ រជះាាេីណកៃឹខ�ថ។ថ

ថ
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ក�� ផគថ៖ថ

េដេគអចះរងថ
2 2 2sin A sin B sin Ccot A cot B cotC
2sin AsinBsinC

+ +
+ + = ថថថ

េទកៃ�ារិៃ�ថ
1 1 1 1cot A cot B cot C
2 sin A sinB sinC
 + + = + + 
 

ថថ

េគទ្នកៃាី រថ៖ថ

2 2 2sin A sin B sin C 1 1 1 1
2sin AsinBsinC 2 sin A sinB sinC

+ +  = + + 
 

 

2 2 2

2 2 2

sin A sin B sin C sin AsinB sinBsinC sinCsin A
(sin A sinB) (sinB sinC) (sinC sin A) 0

+ + = + +

− + − + − =
ថ

េគទថ
sin A sinB 0
sinB sinC 0
sinC sin A 0

− =
 − =
 − =

ថថនឱំ្ថsin A sinB sinC= = ថ

ាថថA B C= = ថថេនថABC ថជះាាេីណកៃឹខ�ថ។ថថ
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 ហំរត់ត១០០ 

រឹថR ថជីរំឹីឹគងរ ដររគឹថនិឹថS ថជតា�ះរឺតនះាាេីណថABC ថៃួថថ

រ.ថចូរះរងថ
22R(cot A cot B)(cot B cot C)(cot C cot A)

S
+ + + = ថថ

ខ.ថេរថABC ថជៃគះំក្ចេនចូរទឱ្្នងថ
1cos AcosBcosC
8

≤ ថថថ

ដំីណា្្ 

ះរងថ
22R(cot A cot B)(cot B cot C)(cot C cot A)

S
+ + + = ថថ

ថ

ថ

ថ

ថ

គូករំមកគថ aAA' h= ថតនថ ABC∆ ថ។ថថ

រឹថBC a , AC b , AB c= = = ថ។ថ

A

B CA'
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រគឹះាាេីណែរឹថABA' & AA'Cថេគ�នថ
BA' A'Ccot B ; cotC
AA' AA'

= = ថ

េគ្នថ
2

a

BA' A'C a acot B cotC
AA' h 2S
+

+ = = = ថថថ

ែយផថSជតា�ះរឺថ ABC∆ ថ។ថ

យូចេ ែយរថ
2 2b ccot C cot A , cot A cot B

2S 2S
+ = + = ថ

េគ្នថ
2 2 2

3
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8S
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េដថ
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2 2

3
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8S
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S
+ + + = ថថ។ថ

ថ
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ខ.ថទថឱ្្នងថ៖ថ
1cos AcosBcosC
8

≤ ថថ

�នថ
22R(cot A cot B)(cot B cotC)(cotC cot A) (i)
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+ + + = ថថថ
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cot A cot B 2 cot Acot B , cot B cot C 2 cot Bcot C

cotC cot A 2 cotCcot A

+ ≥ + ≥

+ ≥
ថ
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(cot A cot B)(cot B cotC)(cot C cot A) 8cot Acot BcotC (ii)+ + + ≥ ថ
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22R8cot Acot BcotC

S
≤ ថ

ែាថ
3

2abc 8R sin AsinBsinCS 2R sin AsinBsinC
4R 4R

= = = ថ

េគ្នថ
2

2

2R8cot Acot BcotC
2R sin AsinBsinC

≤ ថ

យូចេនថថ
1cos AcosBcosC
8

≤ ថថ។ថ
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 ហំរត់ត១០១ 

ចំេពះគរគថ I Nn∈ ថេគឱ្ថ 1
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c o s ππ nn

nS += ថថ

រ.ថគណនាតៃមថ 12
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4
1

2
62 =+− xx ថ

ថ



១០៤ អនគុមន៍្រតីេក្រី្រតេីរ តេ 
 

 

ីរៀបីរៀងីដ  លម   លនុ Page 246 

 

ាថថ 01624 2 =+− xx ថ

េគទថ






=+−

=+−

01624

01624

2
2

2

1
2

1

xx

xx
ថ

ាថថថថថថថថថ






=+−

=+−
++

++

)(0624

)(0624

2
1

2
2

2

1
1

1
2

1

ixxx

ixxx
nnn

nnn

ថ
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 ហំរត់ត១០២ 

េគឱ្ះាាេីណថABCថេទេគរឹថr ថថនិឹ ថRេរឹេ ជីរំឹីឹគថ

ងរ ដររគឹថនិឹថីរំឹីឹគងរ ដរេះកតនះាាេីណថ។ថ

ចូរះរងថ R
rCBA +=++ 1c o sc o sc o s ថថ

ដំីណា្្ 
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rCBA +=++ 1c o sc o sc o s ថថថ

េគ�នថ 2
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c o s2c o sc o s BABABA −+

=+ ថ
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22
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−
=

−
−=

π

ថ

េទថ 2
s i n21c o s 2 CC −=  

)
2

c o
2

( s i
2

s i n21c o sc o sc o s BACCCBA −
−−=++ ថ
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េដថ 2
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2
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s i n BABABAC −
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=
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− ថ
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2
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−= ថ
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s i n
2

s i n41c o sc o sc o s iCBACBA +=++ ថ

េគយដឹ ងថ៖ថ

b c
cpbpA )) ((

2
s i n −−

= ថ;ថ a c
cpapB )) ((

2
s i n −−

= ថថ

ថនិឹ ថថ a b
bpapC )) ((

2
s i n −−

= ថថ

a b
cpbpapCBA )) () ((41c o sc o sc o s −−−

+=++ ថ

រៃររូៃនមេទរគឹ ថ៖ថ
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ap rcpbpappS
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)) () (( ==−−−= ថ

េគទថថ Srp r
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Scpbpap ===−−− 2
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េគ្នថ R
r

p r
SrCBA +=+=++ 1

4
.41c o sc o sc o s ថ
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 ហំរត់ត១០៣ 

េគរថA , B,C ថជៃគរំាតនះាាេីណថABC ថ។ថ

រឹានគគៃននថ 2sin Ay cot A
cos A cos(B C)

= +
+ −

ថថថ

ររាតៃមារបរ�តនានគគៃននេនថះថ

ដំីណា្្ 

ាតៃមារបរ�តនានគគៃននថ

2sin Ay cot A
cos A cos(B C)

= +
+ −

ថ

េគ�នថA B C+ + = πថថ

េនថcos A cos( B C) cos(B C)= π − − = − + ថ

េគ្នថ
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ថ
2

2sin Ay cot A
cos(B C) cos(B C)

sin Acot A
sinBsinC

cos AsinBsinC sin A
sin AsinBsinC

= +
− − +

= +

+
=

ថ

រថa , b , cថជះ រិឹររកគះាាេីណេនថ

រៃះឡដកមារឡកគានូកេគ�នថ

a b c 2R
sin A sinB sinC

= = = ថនឲំ្ថ ( )
a 2R sin A
b 2R sinB 1
c 2R sinC

=
 =
 =

ថ

រៃះឡដកមារឡរូកគានូកេគ�នថ

( )2 2 2a b c 2bccos A 2= + − ថ

រឡំនរគឡំនឹថ(1)ថិកួរគឹថ(2)ថេគ្នថ

2 2 2 2 24R sin A 4R (sin B sin C 2sinBsinCcos A)= + − ថ
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េគទថ
2 2 2sin B sin C sin AsinBsinCcos A

2
+ −

= ថ
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2 2 2sin A sin B sin Cy
2sin AsinBsinB

+ +
= ថ

រៃតកិៃសមថAM GM− ថេគ�នថ

32 2 2 2sin A sin B sin C 3 (sin AsinBsinC)+ + ≥ ថ

23

3

3 (sin AsinBsinC)y
2sin AsinBsinC

3 1y
2 sin AsinBsinC

⇒ ≥

⇒ ≥

ថ

រឹានគគៃននថf (x) sin x= ថថែយផថ0 x< < πថ

េគ�នថf ''(x) sin x 0 , x (0; )= − < ∀ ∈ π ថ

នឲំ្ថf (x)ថជានគគៃននេ ា្ ឹថ។ថថ

រៃះឡដកមារឡថJensen ថេគ្នថថ
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f (A) f (B) f (C) A B Cf( )
3 3

+ + + +
≤ ថ

ាថsin A sinB sinC A B C 3sin( )
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+ + + +
≤ = ថ

រៃថតកិៃសមថAM GM− ថេគ�នថ
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 ហំរត់ត១០៤ 

េគឲ្ថថABC ថថជះាាេីណៃួេទរឹថr ថនិឹថR ថថ
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